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Abstract
We present a new space–time discontinuous Galerkin ﬁnite element method for linearized elastodynamics that delivers exact balance of linear and angular momentum over every space–time element. The method is formulated for use
with fully unstructured space–time grids and uses displacement basis functions that are discontinuous across all interelement boundaries. We introduce a new space–time formulation of continuum elastodynamics that uses diﬀerential
forms and the exterior calculus on manifolds to generate a system of space–time ﬁeld equations and jump conditions.
Then we invoke a Bubnov–Galerkin weighted residuals procedure to formulate the ﬁnite element method. We describe
an implementation on patch-wise causal meshes that features linear complexity in the number of elements and special
per-pixel accurate visualization. Numerical examples conﬁrm an a priori error estimate and demonstrate the methods
shock-capturing capabilities.
 2005 Elsevier B.V. All rights reserved.
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1. Introduction
1.1. Scope
This paper presents a new space–time discontinuous Galerkin ﬁnite element method for linearized
elastodynamics. The method derives from a space–time formulation of the continuum problem in which
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continuity of the space–time displacement ﬁeld is not assumed a priori. The formulation develops the continuum equations over an arbitrary space–time control volume, emphasizing the appropriate jump conditions for cases in which the solution is not smooth, as when material discontinuities or shocks are present.
The continuum space–time control volumes are associated with individual space–time elements in the
ﬁnite element model, which uses a Bubnov–Galerkin weighted residuals procedure to develop the discrete
discontinuous Galerkin equations. The resulting ﬁnite element method balances linear and angular momentum to within machine precision over every space–time element. It is dissipative, so no extra stabilization is
required, although the numerical dissipation is relatively small in practice. These properties yield a method
with excellent shock capturing capabilities. There are no spurious global oscillations when shocks are present; only a limited amount of non-polluting overshoot and undershoot in the immediate vicinity of propagating shock fronts.
Although the formulation can be used with any reasonable mesh partition of the space–time analysis
domain, our implementation uses unstructured space–time meshes that satisfy a special causality constraint. This structure supports an interleaved mesh generation and solution procedure, in which small
patches of space–time elements are solved as soon as they are generated. The resulting algorithm oﬀers linear complexity in the number of elements (for any ﬁxed polynomial order) and is rich in parallel structure.
We also describe special per-pixel accurate visualization techniques that deliver high-deﬁnition renderings
of solution data stored on unstructured space–time grids.

1.2. Related work
Semi-discrete conforming ﬁnite element methods are the most common numerical method for solving
elastodynamics problems. In these methods, ﬁnite elements discretize the spatial domain, and weak enforcement of the equation of motion produces a system of ordinary diﬀerential equations in time (see, for example, [1]). These schemes tend to have one or more shortcomings, including failure to preserve the invariants
of the mechanical system (e.g., energy or momentum) or an inability to capture shocks with suﬃcient accuracy. Shocks often excite spurious high-frequency oscillations in numerical solutions computed with these
methods. Filtering or extra stabilization can be added to mitigate this problem, but these remedies tend to
yield overly diﬀuse solutions. The quest for more eﬀective methods that address these problems remains an
active area of research.
Variational integrators are designed to preserve one or more of the invariants of the mechanical system.
These methods begin with a spatial discretization, and use Hamiltons principle to advance the solution in
time. A theorem by Ge and Marsden [2] states that time-stepping algorithms with ﬁxed time steps cannot
simultaneously preserve energy, momentum and the symplectic form. This leads to a division of variational
integrators with ﬁxed time steps into two groups: those that preserve energy and momentum, and those that
preserve momentum and the variational symplectic form. Methods with algorithmic conservation of energy
and momentum (including angular momentum) are presented in Betsch and Steinmann [3,4] and in Graham and Jelenić [5]. The introduction of nonuniform time steps provides a means to circumvent the theorems restrictions. Thus, recent variational algorithms that are symplectic as well as momentum and energy
preserving, but with nonuniform time steps, are developed in Kane et al. [6] and in Lew et al. [7,8]. Nonlinear iterations are required in the methods that simultaneously achieve energy and momentum conservation and preservation of the symplectic format.
Time-discontinuous Galerkin methods, ﬁrst introduced by Hulbert and Hughes [9,10] represent another
recent development. These methods discretize space and time simultaneously with space–time ﬁnite element
grids. They use basis functions that are continuous in space, but admit discontinuities in time at discrete
intervals. See also Li and Wiberg [11,12] for adaptive time discontinuous Galerkin schemes. The stability
and convergence properties of semi-discrete and time-discontinuous Galerkin methods are analyzed in
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French [13], Johnson [14] and Romero [15]. The introduction of discontinuities in time adds a degree of
intrinsic stabilization to these methods.
Spacetime discontinuous Galerkin (SDG) methods represent another recent focus of numerical methods
development. Similar to time-discontinuous Galerkin methods, SDG methods also directly discretize
space–time with ﬁnite elements, but fully unstructured space–time meshes are supported and the basis functions admit discontinuities across all inter-element boundaries. Discretizations of space–time domains with
inclined boundaries provides an intrinsic capability to track moving boundaries. The use of unstructured
space–time meshes to ﬁll these domains oﬀers the possibility of circumventing the mesh distortion and
the need for remeshing that occurs in most boundary-tracking methods. Richter [16] (single-ﬁeld formulation) and Falk and Richter [17] (two-ﬁeld formulation) propose SDG methods for the wave equation that
use explicit (or causal) partitions of the space–time domain.
Yin et al. propose an SDG method for linear elastodynamics in [18,19] that is similar in many respects to
[16]. Their approach weakly enforces the equation of motion as well as the space–time jump conditions for
momentum balance and kinematic compatibility in an energetically consistent manner. When implemented
on causal space–time grids, the method has linear complexity in the number of elements. This method produces high-quality solutions, especially in shock-capturing problems where no extra stabilization is required
to suppress spurious global oscillations. However, this method is dissipative (so it does not balance energy),
and it guarantees element-wise momentum balance only on a restrictive class of space–time meshes.
The method introduced in this paper addresses some of the drawbacks of the method presented in [18,19]
while retaining its advantages. It guarantees exact element-wise momentum balance on any space–time grid
by decoupling the weak enforcement of momentum balance from the control on the zero-energy subspace
of steady, inﬁnitesimal-rigid deformations. The method diﬀers from previous formulations for elastodynamics in that, following ideas from Palaniappan et al. [20], the space–time jump conditions on the element
boundaries are enforced relative to physically and mathematically consistent target values, rather than
boundary traces from adjacent elements. The target values are either prescribed data on the domain boundary or Godunov values computed as solutions to local Riemann problems on the domain interior. The use
of jump conditions based on target values provides a uniﬁed method for enforcing initial conditions and
boundary conditions on the overall space–time domain as well as the necessary space–time jump conditions
on interior inter-element boundaries. The use of Godunov target values delivers more accurate solutions
than are obtained with averaged values, especially for problems with non-smooth solutions.

1.3. Organization of this paper
The remainder of this paper is organized as follows. Section 2 introduces a space–time formulation of
continuum linearized elastodynamics using the mathematical machinery of diﬀerential forms and the exterior calculus on manifolds. Jump conditions, derived from the balance of linear momentum and from kinematic compatibility, play a central role in both the continuum formulation and in the subsequent
development of the discontinuous Galerkin formulation. We use the Method of Weighted Residuals to
develop the new space–time discontinuous Galerkin ﬁnite element formulation in Section 3; Section 4
summarizes the results of stability and error analyses from [21]. We describe certain aspects of our
numerical implementation in Section 5, including the construction of causal space–time meshes with the
Tent Pitcher algorithm [22,23], an advancing-front solution algorithm with linear complexity in the number
of space–time elements, and special per-pixel accurate visualization methods for data stored on unstructured space–time grids. Numerical studies of convergence rates and an example simulation of shock propagation in a solid-fuel rocket grain appear in Section 6. Following concluding remarks in Section 7, we
present component expansions of the ﬁnite element equations in Appendix A and the deﬁnitions of certain
Godunov values in Appendix B.
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2. Continuum formulation
We use diﬀerential forms and the exterior calculus on manifolds to develop a space–time continuum theory for linearized elastodynamics. This approach describes concisely the fundamental balance laws of
mechanics as applied to arbitrary control volumes on a space–time manifold and, similarly to direct tensor
notation in a purely spatial setting, helps to clarify the structure of our space–time continuum and discontinuous Galerkin ﬁnite element formulations.
Although our use of diﬀerential forms is nonstandard in mechanics, we believe that its advantages relative to conventional tensor notation support its use in the present space–time setting. For example, we
obtain an invariant formulation that does not require the introduction of an extraneous space–time metric.
The use of conventional tensor notation, on the other hand, requires the construction of space–time normal
vectors, and this requires the introduction of an arbitrary scaling between space and time that precludes a
coordinate-system-independent notation (see Appendix A). Applying our direct notation to space–time
control volumes, we obtain a uniﬁed mathematical framework that addresses initial conditions, boundary
conditions, and jump conditions on space–time surfaces with arbitrary orientations (see Section 2.6). This
leads to a robust and modular software architecture that uses a single method to enforce all forms of initial,
boundary and jump conditions in our ﬁnite element implementation.

2.1. Spacetime manifolds and notation for diﬀerential forms
Let d be the spatial dimension, and let the reference space–time analysis domain D be an open (d + 1)manifold in Ed  R with a regular boundary. The coordinates (x1, . . . , xd, t) = (x, t) in D are deﬁned with
respect to the ordered basis (e1, . . . , ed, et) and are understood to be material coordinates associated with
the undeformed conﬁguration of a body followed by the time coordinate. We follow the standard summation convention with Latin indices ranging from 1 through d, except the index t is reserved to indicate time
and does not imply summation when repeated. The dual basis is denoted (e1, . . . , ed, et). We introduce the
(d + 1)-vector eX := e1 ^    ^ ed ^ et and deﬁne the d-vectors ^et and ^ei via the relations et ^ ^et ¼ eX and
ei ^ ^ej ¼ dji eX .
The standard basis for top forms on D is X = dx1 ^    ^ dxd ^ dt, and the d-form d^xj is deﬁned by
j
dx ^ d^xk ¼ djk X; dt ^ d^xk ¼ 0. We deﬁne the temporal Lie derivative as L :¼ Let and the temporal insertion
as i :¼ iet in which et is a vector ﬁeld on D with uniform value et. Thus, dt ^ iX = X.
Let C be an orientable d-manifold in Ed  R, and let {a1, . . . , ad} be an ordered basis for TC, the union of
all tangent spaces to C, in which ai is a vector ﬁeld on C. The volume vector ﬁeld for C corresponding to the
basis {ai} is the d-vector ﬁeld given by
aC ¼ a1 ^    ^ ad ¼ ai^ei þ at ^et ¼ ax þ at .

ð1Þ

The d-manifold C is either vertical if iX(aC) = 0 () at = 0, or inclined if iX(aC) 5 0 () at 5 0.
We use forms with vector as well as scalar coeﬃcients to develop the theory, and we deﬁne the wedge
product of two vector-valued forms as the form with scalar coeﬃcients given by
ða  wÞ ^ ðb  xÞ ¼ ða  bÞw ^ x;

ð2Þ

in which a, b are vector ﬁelds in Ed ðDÞ and w, x are forms on D. Otherwise, we follow standard notation;
the reader is referred to [24–26] for more complete expositions of diﬀerential forms and tensor calculus on
manifolds.
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2.2. Mechanical ﬁelds
2.2.1. Kinematics
The displacement ﬁeld u : D ! Ed has the component representation u = uiei. The strain-velocity e is the
1-form with vector coeﬃcients given by
e :¼ E þ v;

ð3Þ

in which v :¼ u_  dt ¼ u_ i ei  dt is the velocity, and the linearized strain E has the component representation,
E = Eijei  dxj, where Eij ¼ 12 ðui;j þ uj;i Þ.
We introduce the space of admissible displacement ﬁelds,
V ðDÞ ¼ fw : 9PðDÞ ¼ fQa g 3 wjQa 2 H 2 ðQa ; Ed Þg;
in which w : D ! Ed and PðDÞ is a partition of D into open subdomains Qa with regular boundaries. V(D)
is a broken Sobolev space that admits discontinuous displacement ﬁelds. For any Q  D, let VQ := V(D)jQ.
The zero-energy subspace of VQ is given by V Q0 :¼ fw 2 V Q : eðwÞ ¼ 0g. V Q0 contains all time-independent,
inﬁnitesimal-rigid displacement ﬁelds w of the form
wðxÞ ¼ c þ Sx ;
d

8x ¼ ðx; tÞ 2 Q;

ð4Þ
d

in which c 2 E and S is a skew-symmetric tensor on E .
We deﬁne the temporal inﬂow boundary of Q as oQti := {x 2 oQ : iX(aoQ(x)) < 0} in which aoQ is the volQ
Q
Q
Q
ume vector ﬁeld on the d-manifold oQ.
R V admits the decomposition V R¼ V 0  V e with respect to the
inner product hhw; viiQ :¼ hw; vioQti þ Q eðwÞ ^ CeðvÞ where hw; vioQti :¼  oQti ðw  vÞiX and C is a positive-deﬁnite linear transformation of vector-valued 1-forms into vector-valued d-forms, speciﬁcally, the
constitutive map deﬁned in Section 2.5. Thus, given any u 2 VQ, we have the unique decomposition
u = u0 + ue in which u0 2 V Q0 and ue 2 V Qe .
2.2.2. Force-like ﬁelds
The stress r is the d-form with vector coeﬃcients deﬁned by tC = raC, in which tC is the surface traction
ﬁeld acting on a d-manifold C  D, and aC is the volume vector ﬁeld for C, as deﬁned in (1). The component
representation of r is given by
r ¼ rij ei  d^
xj .

ð5Þ
t

The linear momentum density p is the d-form with vector coeﬃcients deﬁned by p^e ¼ p, in which p : D ! Ed
is the linear momentum measured per unit volume in the reference conﬁguration. The component representation of p is given by
p ¼ pi ei  iX.

ð6Þ

We combine the stress and the linear momentum density to form the space–time ﬂux of linear momentum2
M ¼ r  p.

ð7Þ

The body force density b is the (d + 1)-form with vector coeﬃcients such that beX ¼ b, where b : D ! Ed
is the vector ﬁeld that delivers body force per unit mass on D. The component representation of b is given
by
b ¼ bi ei  X.

ð8Þ

2
In 1972, Gurtin introduced a four-tensor ﬁeld with space–time partition called the stress-momentum ﬁeld that is similar in concept
to our space–time ﬂux of linear momentum. See [27, pp. 67, 253].
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2.2.3. Energy density
The total energy density U = UX is the non-negative (d + 1)-form with scalar coeﬃcients such that
UeX = U = K + U, in which U : D ! R is the sum of the kinetic energy density K and the internal energy
density U, each measured per unit volume in the undeformed conﬁguration. The functions describing K
and U are deﬁned in the section on the constitutive model below.
2.3. Kinematic compatibility
Kinematic compatibility requires that for any d-manifold C  D,
ðuþ  u ÞjC ¼ 0;

ð9Þ

±

where u are limiting values of u on opposing sides of C. Next, we introduce subdomain-based jump conditions that serve in lieu of (9).
The following system enforces the jump condition (9) and also sets the value of ujC equal to a physically
consistent target value u on all C  D.3 For all Q  D,
ðe  eÞjoQ ¼ 0;

ð10aÞ

ðu0

ð10bÞ

 u0 ÞjoQti ¼ 0;

in which
u0 ¼

X
X
hhwa ; uiiQ wa ¼
hwa ; uioQti wa ;
a

u0 ¼

X
hwa ; u ioQti wa ;

ð11aÞ

a

ð11bÞ

a

where u 2 VQ, u is the target displacement ﬁeld on oQti and {wa} is an orthonormal basis for V Q0 . The term
e denotes a target strain-velocity ﬁeld on oQ that is determined by suitable Riemann problems or by prescribed initial and boundary data on certain parts of oD. Thus, system (10) enforces kinematic compatibility on the interior of D as well as the kinematic boundary and initial conditions. Speciﬁc expressions for the
target values are provided in Section 2.6 and in Appendix B.
2.4. Balance laws
2.4.1. Momentum balance
Balance of linear momentum requires that
Z
Z
M þ qb ¼ 0; 8Q  D.
oQ

ð12Þ

Q

The following system enforces system (12) via the Stokes theorem, while enforcing target ﬂuxes M on oQ
that are consistent with Riemann solutions or prescribed initial and boundary data. Speciﬁc expressions for
M appear in Section 2.6 and Appendix B.
For all Q  D,
ðdM þ qbÞjQnCJ ¼ 0;


ðM  MÞjoQ [ ðQ \ CJ Þ ¼ 0;
where CJ is the jump set of M on Q.
3

See [21] for a proof that system (10) implies (9).

ð13aÞ
ð13bÞ
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If balance of linear momentum is satisﬁed, then balance of angular momentum is equivalent to the condition that for any inﬁnitesimal-rigid rotation Sx 2 V0 (cf. (4)),
Z
Z
Sx ^ M þ Sx ^ qb ¼ 0; 8Q  D.
ð14Þ
oQ

Q

Alternatively, if balance of linear momentum is satisﬁed, then symmetry of r
rij ¼ rji

ð15Þ

is equivalent to balance of angular momentum. From here on, we assume that (15) is satisﬁed, so that balance of linear momentum implies balance of angular momentum.
Remark 1. The component form of (13a) is ½rij;j þ qðbi  €ui Þ ei  X ¼ 0 on QnCJ. Thus, (13a) is the familiar
equation of motion.
2.4.2. Energy balance
The space–time ﬂux of total energy N is the d-form
N :¼ iU þ u_ ^ r.

ð16Þ

Balance of energy requires that
Z
Z
N þ u_ ^ qb ¼ 0; 8Q  D.
oQ

ð17Þ

Q

2.5. Constitutive model
We restrict our attention to materials with linear elastodynamic response. That is, we assume the existence of a space–time total energy density function U(e) of the form,
1
U ¼ e ^ Ce;
2
in which U is a non-negative (d + 1)-form with scalar coeﬃcients such that
oU
¼ r;
oE

oU
¼ p.
ov

ð18Þ

ð19Þ

Here C is a positive-deﬁnite linear transformation of 1-forms with vector coeﬃcients into d-forms with vector coeﬃcients, that delivers
Ce ¼ r þ p;

ð20aÞ
ij

i

p ¼ Cv;

where p ¼ qd u_ j ;

r ¼ CE;

ij

where r ¼ C

ijkl

Ekl ;

ð20bÞ
ð20cÞ

in which q is the mass density per unit volume in the reference conﬁguration, d is the Kronecker delta, and
Cijkl are components of the familiar elasticity tensor that exhibit the usual major and minor symmetries:
Cijkl = Cklij = Cjikl = Cijlk. The minor symmetry involving indices i and j enforces symmetry of r, cf. (15).
In the case of an isotropic material, the elasticity components are given by
C ijkl ¼ kdij dkl þ lðdik djl þ dil djk Þ;

ð21Þ

where k and l are the Lamé parameters. The positive-deﬁnite property of C means that there exists a
positive constant k, such that
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ða ^ CaÞeX > kjaj

ð22Þ

for all 1-forms a with vector coeﬃcients.
b that
For any linear transformation C as described in (18)–(22), there is a related linear transformation C,
maps strain-velocity into momentum ﬂux, according to
b :¼ CðE  vÞ.
M ¼ Ce
ð23Þ
In the present case of linear elasticity, it can be shown that the space–time ﬂux of the total energy takes the
form
1
ð24Þ
N ¼ ðie ^ M þ e ^ iMÞ.
2
2.6. Boundary partitions and speciﬁcation of boundary target values
The jump conditions (10a), (10b) and (13b) require the evaluation of prescribed data and Godunov values, collectively called target values and denoted by a superscript ‘‘ ’’, on the boundary of each subdomain
Q of D. These values are determined by prescribed boundary data or the principle of causality as information propagates in space–time along the characteristic directions of the elastodynamic equations. Causality
induces two partitions of oQ as described below. The ﬁrst partition is used to specify u , while the second is
used to specify e and M .
2.6.1. Temporal partition of @Q and speciﬁcation of u
The temporal partition of oQ arises from causal relations that take the form of rate equations with characteristics in the et direction. These characteristics partition oQ into the temporal inﬂow boundary oQti (cf.
2.2.1) and its complement, the temporal outﬂow boundary oQto (see Fig. 1a).
The target value u in (10b) is controlled by characteristics of the equation u_ 0 ¼ 0 in the et direction, and
is, therefore, always determined by the earlier displacement value on oQti. In particular, we have
(
uþ on oQti n oDti ;
u ¼
ð25Þ
u
on oQti \ oDti ;
in which u+ is the exterior trace of u on oQti and u is the prescribed initial displacement ﬁeld on oDti.

(a)

(b)

Fig. 1. Alternative partitions of oQ: (a) temporal partition, (b) causal partition.
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2.6.2. Causal partition of @Q and speciﬁcation of e and M
The second partition of oQ arises from characteristics associated with elastic wave propagation (see
Fig. 1b). Information propagates within an elastic medium in a given spatial direction at ﬁnite speeds that
are bounded by c(n), the fastest wave speed in the spatial direction indicated by the unit vector n 2 Ed . For a
linearly elastic material,
!1=2
1
ijkl
sup C ai ak nj nl
cðnÞ ¼
.
ð26Þ
q jaj¼1
If the material is isotropic, then
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k þ 2l
;
cðnÞ ¼ cp ¼
q

ð27Þ

in which cp is the pressure wave speed.
Let C be an orientable d-manifold in Ed  R with the volume vector ﬁeld aC, as described in (1). We say
that (x0, t0) 2 C is a causal point with respect to C if
ðjat j  cðn0 Þjax jÞjðx0 ;t0 Þ > 0;

ð28Þ

in which n0 is the spatial unit normal to C at (x0, t0). A d-manifold is called causal if and only if all its points
are causal points; a d-manifold that is not causal is called noncausal (see Fig. 2).
We partition oQ into its causal and noncausal parts, oQc and oQnc. We further partition oQc into its inﬂow and outﬂow parts: oQc ¼ oQci [ oQco . All of the characteristics associated with elastic waves point inward to Q on the causal inﬂow boundary oQci, while all characteristics point outward on the causal outﬂow
boundary oQco. There are both inward and outward pointing characteristics on the noncausal boundary oQnc
(see Fig. 1b).
Fig. 2 illustrates the signiﬁcance of the causal property of a d-manifold Cab = oQa \ oQb. If Cab is causal,
then the information in the adjacent subdomain Qb controls the solution in Qa, but the solution in Qb is
independent of the solution in Qa. In this case, we can compute the solution in Qb before we compute
the solution in Qa. On the other hand, if Cab is noncausal, the solutions in Qa and Qb are mutually dependent and, therefore, must be computed simultaneously. In the next section, we use the asymmetric dependency property of causal manifolds to develop a ﬁnite element procedure whose complexity scales linearly
with the number of elements (for ﬁxed polynomial order).
Initial and boundary data for e and M are required on certain parts of oD to close the problem. Inﬂow
data are required for both ﬁelds on oDci, while no data are speciﬁed on oDco. There are many ways to

(a)

(b)

Fig. 2. Classiﬁcation of manifolds based on causality: (a) causal manifold, (b) noncausal manifold.
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specify physical boundary conditions for M and e on the noncausal domain boundary oDnc, and the number of terms that can be prescribed depends on the local conﬁguration of oD relative to the characteristic
surfaces for elastic wave propagation. To simplify matters, we restrict our attention to analysis domains
where all of the noncausal parts of oD are vertical. We also assume a partition of the noncausal boundary
into two regions where either M or e is prescribed: oDnc ¼ oDM [ oDe . We obtain the pure Dirichlet problem
when oDM = ; and the pure Neumann problem when oDe = ;. Otherwise, we have the mixed problem. We
denote by M the prescribed momentum ﬂux ﬁeld on oDci [ oDM and by e the prescribed strain-velocity ﬁeld
on oDci [ oDe.
We treat the jump conditions on the interior of D, the initial conditions and the boundary conditions in a
uniﬁed fashion by specifying appropriate target values, M and e , as follows.



M ¼

e ¼

8
M
>
>
>
>
>
>
< Mþ

on oQco [ ðoQ \ oDe Þ;
on oQci n oDci ;

>
>
MG ðM; Mþ ; aoQ Þ on oQnc n oDnc ;
>
>
>
>
:
M
on oQ \ ðoDci [ oDM Þ;
8
e
on oQco [ ðoQ \ oDM Þ;
>
>
>
>
>
>
< eþ
on oQci n oDci ;
>
>
eG ðe; eþ ; aoQ Þ
>
>
>
>
:
e

on oQnc n oDnc ;

ð29Þ

ð30Þ

on oQ \ ðoDci [ oDe Þ;

in which M and e are interior traces, M+ and e+ are exterior traces, MG and eG are Godunov values, and M
and e are prescribed initial and boundary data. The Godunov values are functions of the interior and exterior traces and the volume vector aoQ at each point on oQnc.4

3. Discontinuous Galerkin ﬁnite element method
3.1. Continuum strong form of the boundary value problem
We summarize the governing equation and jump conditions that comprise the strong form of our continuum boundary value problem.
Problem 2 (Strong form). Find u 2 V such that for any regular Q  D,
ðdM þ qbÞjQnCJ ¼ 0;


ðM  MÞjoQ [ ðQ \ CJ Þ ¼ 0;


4

ð31aÞ
ð31bÞ

ðe  eÞjoQ ¼ 0;

ð31cÞ

ðu0

ð31dÞ

 u0 ÞjoQti ¼ 0;

We omit a speciﬁcation for M on Q \ CJ; it is not required in our discontinuous Galerkin ﬁnite element formulation.
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in which the values M , e , u0 and u0 are deﬁned as in Sections 2.3 and 2.6, e is written in terms of u according to (3), and M is written as a function of e according to the constitutive relation (23).
Remark 3. The jump condition (31d) is equivalent to
alternative statement in the weak formulation below.

R

oQti

w ^ ðu  uÞ  iX ¼ 0;

8w 2 V Q0 . We use this

3.2. Causal partitions of the space–time domain D
Let P ¼ fQa g be a partition of D into open regions Qa  D, each with a regular boundary and such that
oQco
a has a nonzero measure. The subdomains Qa are space–time ﬁnite elements in the discontinuous Galerkin
formulation presented in the following sections. Let C ¼ [a;b:a6¼b oQa \ oQb . That is, C is a collection of d-manifolds on the boundary between adjacent subdomains in P. P is a causal partition if all of the d-manifolds that
comprise C are causal. P is a patch-wise causal partition if the subdomains Qa can be grouped into patches of
elements Qb such that P ¼ fQb g is a causal partition of D. From here on, we assume that all partitions P are
at least patch-wise causal.5 Note that the part of C associated with inter-element boundaries on the interior of
a patch can be noncausal, but the part associated with inter-patch boundaries must be causal.
3.3. Weighted residual statement and weak formulation
The following discontinuous Galerkin ﬁnite element formulation weakly enforces the governing equations and jump conditions (31) on a ﬁnite set of subdomains in an energetically consistent manner. There
are two sources of discretization error. First, we consider only a ﬁnite subset, rather than the complete set,
of regular subdomains of D. Second, we use a ﬁnite-dimensional subspace of VQ to approximate the solution on each subdomain Q.
Let Ph ¼ fQa ; a ¼ 1; . . . ; N g be a partition of D into regular subdomains Qa that is at least patch-wise
causal. For each Q 2 Ph we deﬁne a ﬁnite-dimensional solution space V Qh such that V Q0  V Qh  H 2 ðQ; Ed Þ
and 9w 2 V Qh 3 w_ ¼ v 8v 2 V Q0 .6 The global solution space on D is the broken Sobolev space V h :¼ fw 2
BV ðD; Ed Þ : wjQ2Ph 2 V Qh g, and we refer to the subdomains Qa as ﬁnite elements. Given the structure of
V Qh , we note that Q \ CJ = ;. Thus, the domains for (31b) and (31c) reduce to Q and oQ, respectively, in
the discrete model.
From here on, a superposed ^ indicates a function of the weighting vector ﬁeld w, and a subscript h
indicates a function of the discrete displacement solution uh. In particular, c
M ¼ MðeðwÞÞ, eh = e(uh),
Mh = M(eh), and uh , Mh and eh followP
from Eqs. (25), (29) and (30) with u, M, M+, e and e+ replaced
Q
þ
by uh, Mh, Mþ
h , eh and eh . Also, w0 :¼
a hwa ; wioQti wa 2 V 0 .
Problem 4 (Discrete weighted residual statement). For each Q 2 Ph , ﬁnd uh 2 V Q
h such that
Z
Z
Z
fw_ ^ ðMh  Mh Þ þ ðeh  eh Þ ^ i c
Mg þ
w0 ^ ðuh  uh Þ  iX ¼ 0; 8w 2 V Qh .
w_ ^ ðdMh þ qbÞ þ
Q

oQ

ð32Þ

oQti

Remark 5. The weighted residual statement (32) appears to be a Petrov–Galerkin method, because
the residual
of the governing
by w_ instead of w. However, we can use the idenR
R
R Eq. (31a) is weighted
tity Q w_ ^ ðdM þ qbÞ ¼  Q w ^ LðdM þ qbÞ þ oQ w  iðdM þ qbÞ to show that (32) is equivalent to a
Bubnov–Galerkin method for the rate form of the equation of motion.
5

Patch-wise causal partitions are important for the cases d = 2, 3 because it is diﬃcult to generate strictly causal simplicial partitions
for general space–time domain geometries in more than one spatial dimension.
6
For polynomial bases, the latter requirement implies a minimum polynomial order pmin = 1 for d = 1 and pmin = 2 for d = 2, 3.
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Remark 6. The third integral in (32) is dimensionally inconsistent. We could correct this by scaling the
integrand by a factor kQ = hkCkiQ/(hQ)2, in which kCk is the operator norm of C, h Æ iQ indicates an average
over element Q, and hQ is the spatial diameter of element Q.7 In practice, it is important to maintain dimensional consistency to avoid possible conditioning problems. We nonetheless omit kQ in (32) and in related
integrals below for simplicity.
Applying the Stokes theorem and noting that
w0 ^ ðuh  uh Þ  iX ¼ fw0  ðuh  uh ÞgiX;
we obtain the weak form of Problem 4.
Problem 7 (Discrete weak form). For each Q 2 Ph , ﬁnd uh 2 V Q
h such that
Z
Z
Z
fdw_ ^ Mh þ w_ ^ qbg þ
fw_  Mh þ ðeh  eh Þ ^ i c
Mg þ
fw0  ðuh  uh ÞgiX ¼ 0;
oQ

Q

oQti

8w 2 V Qh .
ð33Þ

This is the formulation used in our numerical implementation.
Q
Q
Remark 8. Since V Q
0  V h , and because the ﬁrst two integrals in (32) vanish identically for all w 2 V 0 , the
discrete solution uh satisﬁes
Z
w0 ^ ðuh  uh Þ  iX ¼ 0; 8w 2 V Qh .
oQti

In view of the inclusion of the ﬁnite-dimensional space V Q0 within the discrete space V Qh , this implies that
(10b) is enforced strongly.
Remark 9. Consideration of all weighting functions of the form w ¼ tðc þ SxÞ 2 V Qh in (33) (cf. (4)), leads
to the conclusion that the discrete solution uh satisﬁes exactly the integral forms of balance of linear
momentum (12) and balance of angular momentum (14) on every Q 2 Ph .

4. Summary analysis of the method
4.1. Additional notation
This section reviews analysis results from [21] concerning stability and error estimates for the proposed
method. Here we introduce some additional notation needed for the review.
For any Q  D, let
Z
Z
Z
aQ ðu; wÞ :¼  w_ ^ ðdMÞ 
fw_ ^ ðM  MÞ þ ðe  eÞ ^ i c
Mg 
w0 ^ ðu  uÞ  iX;
ð34Þ
ti
Q
oQ
oQ
Z
_ qbÞQ :¼
ðw;
w_ ^ qb.
ð35Þ
Q

rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kCekrþp
1
For example, for d = 1 with uniform material properties in element Q, we deﬁne kCk :¼ maxe
, keke :¼ ðE11 Þ2 þ 2 ðu_ 1 Þ2
c
keke
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
and kr þ pkrþp :¼ ðr11 Þ2 þ c2 ðp1 Þ2 in which c is the fastest wave speed. Then we get c2 = E/q, so that kCk = E, where E is Youngs
7

modulus, and kQ = E/(hQ)2.
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Note that aQ(u, w) is linear in w and aﬃne in u. The weighted residual statement (32) is rewritten as
_ qbÞQ .
aQ ðu; wÞ ¼ ðw;

ð36Þ

We restrict our attention to partitions P of D that are at least patch-wise causal and that are comprised of
simplex elements in Ed  R with d + 2 vertices per element. We make the usual assumptions that the mesh is
nondegenerate (i.e., the ratio of the diameters of the smallest sphere containing Q and the largest sphere
contained in Q is uniformly bounded), and quasi-uniform (i.e., there exists a characteristic diameter h
for which the ratio of h and the diameter of the smallest sphere containing Q, and the reciprocal of this
ratio, are bounded).
The patch-wise causal property of Ph ensures that there exists a partial ordering of patches such that the
solution in any given patch is independent of the solutions on all patches that appear later in the ordering.
The solution advances one patch at a time within a direct patch-by-patch solution procedure for Problem 7.
It is convenient to group the patches in Ph into layers that represent D in a front-like fashion. The initial
front F0 is the inﬂow boundary F0 ¼ oDti . We use the partial ordering to deﬁne layers of patches and their
associated fronts. For k P 1, the kth layer Sk contains all elements whose causal inﬂow boundaries belong
to the (k  1)th front:
S k :¼ fQ : oQci  Fk1 g.

ð37Þ

The kth front is the outﬂow boundary of layer Sk and is related to the previous front according to
Fk ¼ ðFk1 n oS cik Þ [ oS co
k ;

k ¼ 1; 2; . . .

ð38Þ

Fig. 3 shows the conﬁguration of the layers as well as the fronts, F1 and F2 , for a partial partition of D
corresponding to an intermediate stage of the solution process.
For any Q in Ph , let f be any ﬁeld on Q with the trace property on oQ. We use sft := f  f to denote the
diﬀerence between the target value for f and the trace of f on oQ.
4.2. Inner products and norms
Let kukQ and kukn,Q denote the L2 ðQ; Ed Þ and H n ðQ; Ed Þ norms, respectively. We deﬁne an inner product
hÆ, Æie,Q on VQ by
Z
hu; wie;Q :¼ fðu  wÞX þ eðuÞ ^ CeðwÞg
ð39Þ
Q

Fig. 3. Partial ordering of patches, layer deﬁnitions and front ordering.
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and we denote its induced norm by kuke,Q. We also deﬁne juje,Q, a semi-norm on VQ that is a full norm on
V Qe :
Z
Z
2
e ^ Ce ¼ 2 U.
ð40Þ
juje;Q :¼
Q

Q

Let C  D be an inclined d-manifold, and let v be a vector ﬁeld on D with the trace property on C. We deﬁne
the seminorm j Æ jC by
Z
2
2
jvjC :¼  jvj iX.
ð41Þ
C

For any Q 2 Ph , j  joQti is a full norm on V Q0 . We also deﬁne a seminorm on V(D) [21],
Z
Z
2
juje;C :¼  iðe ^ CeÞ ¼ 2 iU.
C

ð42Þ

C

4.3. Dissipation and stability
Setting w = u = uh in (33) and recalling Remark 8, we obtain an expression for DQ the numerical energy
dissipation over Q 2 Ph with respect to the target energy ﬂux on oQ:
Z
Z
Z
1
1
DQ :¼
fu_ h  Mh þ eh ^ iMh g ¼
fsu_ h t  sMh t þ seh t ^ siMh tg.
ð43Þ
u_ h  qb þ
2 oQ
2 oQ
Q
We have exact energy balance on Q when the jump integral on the right-hand side of (43) vanishes. The
total energy dissipation over D with respect to the target ﬂux on oD, denoted by D, is given by
Z
Z
X
1
D :¼
fu_ h  Mh þ eh ^ iMh g ¼
DQ .
ð44Þ
u_ h  qb þ
2 oD
D
Q2Ph
Both D and DQ can be shown to be non-negative in the case of patch-wise causal partitions [21]. Thus, our
method is dissipative.
The following stability estimate is proven in [21] for d = 1, 2, for homogeneous data on oDnc and for
patch-wise causal partitions where all of the interior noncausal faces are vertical and the polynomial degree
n in each element Q 2 Ph does not exceed the number of noncausal faces in Q.8
X
X
2
2
2
2
max
ðjuh jF þ juh je;F Þ þ
fkuh ke;Q þ jsuh tje;oQ g
16k6M

F 2Fk



6C

2
jujoDti

þ

Q2Ph

Z

fu_ ^ M þ e ^ iMg þ
oDci

2
kqbkD


.

ð45Þ

4.4. Error estimate
Let uh be a solution to Problem 7 and let u be the solution of the continuum version of Problem 7. In the
continuum version, we consider all Q  D, seek u 2 VQ rather than uh 2 V Qh , and consider all weightings
w 2 VQ. The following theorem bounds the error uh  u in a suitable mesh-dependent norm.9

8

Extensions for inclined interior noncausal faces, for d = 3 and for higher values of n appear to hold, but are not proven in [21].
The proof of this theorem is done for d = 1, 2 in [21] and may be extended for d = 3. Our numerical experience indicates that the
estimate holds for any polynomial degree n.
9
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Let Ph be a patch-wise causal partition of the space–time domain D  Ed  R in which all of the noncausal boundaries are vertical, and let u 2 H n ðD; Ed Þ. Assume that for every simplex element Q 2 Ph , the
polynomial degree n does not exceed the number of causal faces in Q. Then uh  u satisﬁes the bound
W :¼ WF þ WD 6 Ch2n1 kuk2nþ1;D ;
in which
WF :¼ max

16k6M

WD :¼

X

X

2

ð46Þ

2

ðjuh  u jF þ juh  u je;F Þ;

ð47Þ

F 2Fk

ðkuh  uk2e;Q þ jsuh  utj2e;oQci Þ.

ð48Þ

Q2PðDÞ

5. Implementation
This section describes our implementation of the space–time discontinuous Galerkin procedure. In particular, we discuss the construction of patch-wise causal unstructured space–time meshes and an associated
advancing-front solution technique that oﬀers linear complexity in the number of space–time elements
(assuming uniform polynomial order over the elements). We also brieﬂy describe special post-processing
techniques for visualizing solution data that are computed and stored on unstructured space–time meshes.
5.1. Meshing the space–time domain
We use the Tent Pitcher algorithm [22,23] to construct unstructured, patch-wise causal space–time
meshes. Tent Pitcher is extensible to the case d = 3, but has so far been implemented only for d = 1, 2. Here
we focus on the case d = 2. Given a triangulated spatial domain x and a terminal time T, Tent Pitcher constructs a tetrahedral mesh over the space–time domain x · [0, T]. The algorithm is designed for implementation as an advancing front procedure, which alternately constructs a new causal patch of elements and
computes a solution of Problem 7 within the new patch.
At every iteration of the meshing procedure, the front is the graph of a continuous function t : x ! R,
such that t is linear within every element in the triangulation of x. In other words, the front is a terrain
comprised of inclined triangular facets that correspond to the triangles in the underlying space mesh over
x. Tent Pitcher advances the front by selecting an arbitrary local minimum vertex on the front and advancing that vertex in time to deﬁne a new conﬁguration of the front.10 The vertical segment between the old
and new positions of the vertex is called a tent pole, and the volume between the old and new conﬁgurations
of the front is called a tent. Tent Pitcher decomposes each new tent into a patch of simplex ﬁnite elements
(tetrahedra for d = 2) that share the tent pole as a common vertical edge. The height of the tent pole is limited by the requirement that each new facet in the front must satisfy the causality constraint (28). In addition, a progress constraint might limit the tent pole height; this guarantees that the Tent Pitcher algorithm
can progress to a new conﬁguration in all future iterations. Fig. 4 shows a sequence of Tent Pitcher iterations, starting from the spatial triangulation as the initial conﬁguration of the front.
5.2. Advancing-front solution procedure
Every time Tent Pitcher advances the front, it passes the new patch of ﬁnite elements to the routines that
solve the space–time discontinuous Galerkin Problem 7. In addition to the new patch, Tent Pitcher also
10
In practice, various heuristics can be used to select a speciﬁc vertex when more than one local minimum is available. In parallel
computing environments, more than one vertex can be advanced simultaneously.
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Fig. 4. Pitching tents in space–time.

passes the previously solved elements that are adjacent to the new patch across the old conﬁguration of the
front. The solutions on these elements provide the inﬂow data for the new patch. Various ﬂags and physical
data are also passed, so the ﬁnite element routines have all of the necessary information to assemble and
solve the ﬁnite element equations on the patch. The elements that surround a given tent pole share vertical
noncausal faces. Thus, the elements within a single patch must be solved simultaneously.
Elements are retained in high-speed storage as long as they remain adjacent to the front. Once they are
no longer adjacent to the current front conﬁguration, they are no longer needed and can be written out to a
mass storage device. If all of the space–time ﬁnite elements use the same set of basis functions (for example,
if they have the same polynomial order) and if the degree of every vertex in the spatial triangulation in
bounded, then the storage requirements and computational complexity per patch are each bounded, and
the overall complexity scales linearly with the number of elements in the space–time mesh.
5.3. Visualization
Visualization of data computed on unstructured space–time grids poses special challenges. The data
might be discontinuous and are often represented with high-order basis functions. The data are not referenced by uniform time steps, constant-time slices through the data generally do not coincide with element
boundaries, and the grid might be nonconforming. Linear interpolations used by many graphics rendering
systems cannot represent accurately our high-order solutions. These attributes make standard visualization
technology unsuitable for our purposes.
We use a special per-pixel accurate visualization system [28] that is responsive to the above requirements
and that exploits the high-performance features and programmability of contemporary GPUs. For any constant-time slice, our system computes two scalar ﬁelds that are mapped into a height ﬁeld and a color ﬁeld for
display. The ﬁrst step is to identify all of the space–time elements that are intersected by a given constant-time
plane and to compute the intersection of each tetrahedral element with the plane. This generates a set of polygons (triangles and quadrilaterals) that is used to render a single frame of animation or a still image.
The next step is to render the scalar ﬁelds on the time-slice polygon mesh. For each polygon, we download to the GPU descriptions of the solution coeﬃcients and the ﬁnite element basis functions that model
the space–time displacement ﬁeld within the polygons parent tetrahedron. We also download to the GPU
software for evaluating one or more scalar solution ﬁelds, such as the strain energy density. The GPU uses
the ﬁnite element basis functions to evaluate the scalar ﬁeld at every rendered pixel location; this provides a
precise map of the discrete solution into color on the display screen. The pixel-level computations are accelerated by the deeply pipelined and parallel architecture of the GPU. It turns out that it is not practical to
use this approach for the scalar quantity that is mapped to the height ﬁeld. Instead, we use adaptive subdivision of the time-slice polygons to attain the desired accuracy. See [28] for a more detailed description of
the visualization system and of the importance of per-pixel accurate rendering.
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6. Numerical examples
This section presents numerical examples that verify the predicted performance of the new ﬁnite element
formulation and demonstrate its modeling capabilities. First, we investigate the convergence rates of various error measures for two problems, one where the exact solution is smooth and one with weak shocks
where the regularity of the exact solution limits the convergence rates according to the error estimate (46).11
We also examine the impact of using true Godunov values as the target values on noncausal interfaces in
comparison to using simple average values. The section closes with a simulation of shock propagation in a
solid-fuel rocket grain that demonstrates the ability of the method to capture complex shock patterns with
exact momentum balance and very low energy dissipation.
6.1. Convergence studies
This subsection presents convergence studies for plane stress models based on the error measures given
in (44), (46) and (47) as well as a front-based displacement error measure Wu:
X
2
Wu :¼ max
juh  u jF .
ð49Þ
16k6M

F 2Fk

All of the error measures are normalized by the total inﬂow energy E0 in the results reported below. We
assume an isotropic linearly elastic material with Youngs modulus E = 1, Poisson ratio m = 0.3, and q = 1.
The use of Godunov values for the target values of M and e on interior noncausal interfaces distinguishes
the present formulation from some others in which averaged values are used. To evaluate the impact of this
diﬀerence, we also present results for a modiﬁed method in which the target values on oQncnoDnc are redeﬁned as
1
M ¼ MA :¼ ðMþ þ MÞ;
2
1 þ

A
e ¼ e :¼ ðe þ eÞ.
2

ð50aÞ
ð50bÞ

6.1.1. Approximation of a smooth solution
The displacement ﬁeld whose components are given by
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 
u1 ¼ m1 A sinðm1 x Þ sinðm2 x Þ sin
m21 þ m22^cp t ;
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 
1
2
m21 þ m22^cp t ;
u2 ¼ m2 A cosðm1 x Þ cosðm2 x Þ sin
1

2

ð51Þ

where m1 ; m2 2 R and ^cp is deﬁned in Eq. (B.2), satisﬁes the equation of motion in E2  R. We apply initial
conditions and boundary conditions that are consistent with this ﬁeld over the spatial domain x = [0,
2] · [0, 1] and compute the approximation of (51) via the discontinuous Galerkin method, Problem 7.
We select A = p1, m1 = p and m2 = 2p to generate a single complete wave over x in both spatial direcpﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
tions. The terminal time of the simulation is 2p^cp = m21 þ m22 ¼ 0:85323, which represents one complete
cycle. The spatial discretization is based on square regions with edge-length h; each square is subdivided

11
By weak shock we mean a solution feature where the displacement ﬁeld remains continuous, but the displacement derivatives
exhibit jumps.
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into two triangles. The ﬁnite element basis in each space–time tetrahedron generated by Tent Pitcher consists of a complete polynomial of degree p = 2, 3, 4, 5.
The convergence rates for the total error measure W reported in Fig. 6(a) conﬁrm the predicted rate of
2p  1 when the Godunov values are used (cf. (46)). The same convergence rates are attained when averaged values are used, but the magnitude of the error is slightly larger in each case. Similar results appear in
Fig. 6(b) for the numerical energy dissipation D, where both Godunov and averaged values deliver a convergence rate of 2p  1 and nearly identical error magnitudes.
Optimal convergence rates of 2p + 2 and 2p are achieved for the front-based error measures, Wu and WF ,
as shown in Fig. 7(a) and (b). Little diﬀerence is seen between the magnitudes of Wu obtained with Godunov
and averaged values; however, the Godunov values deliver slightly smaller values for WF .
A careful examination of Eqs. (B.1) and (B.3) reveals that the Godunov values equal the averaged values
plus a jump term. Since the jump terms tend to zero as the approximate solutions converge to the smooth
exact solution, we expect little diﬀerence between the two approximations. Thus, we conclude that the averaged values might be preferred, due to their simple form, for problems with smooth solutions. However,
bigger diﬀerences are expected when the exact solution is not smooth and the jump terms do not vanish
in the limit of mesh reﬁnement. This case is studied in the next example.

(a)

(b)

Fig. 5. Spatial domains and boundary conditions for the numerical examples: (a) step-function pressure load on an inﬁnite strip,
(b) shock pressure load on a segment of a solid-fuel rocket grain.

(a)

(b)

Fig. 6. Convergence rates for the approximation of a smooth solution: (a) convergence of the total error measure W, (b) convergence of
the numerical energy dissipation D.
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6.1.2. Approximation of a solution with a weak shock
We consider an inﬁnite strip with unit width, as shown in Fig. 5(a). A uniform pressure P is applied to
the top edge of the strip, and the bottom edge is ﬁxed. The history of the load intensity P is a step-function
centered at time zero. This creates a dilatational shock wave, which traverses the strip until it reaches the
bottom edge at the end of the simulation time interval. We use symmetry boundary conditions to restrict
our model to a strip of length 2 in the x2 direction.
Fig. 8(a) shows the convergence rates for the total error measure W. In this case, the approximation
based on Godunov values clearly outperforms the approximation that uses averaged values. Note that
the convergence rate is unity in all cases, because the exact solution u does not satisfy the regularity requirement for (46). Fig. 8(b) compares the numerical energy dissipation D for the alternative target value

(a)

(b)

Fig. 7. Convergence rates for the front-based error measures; smooth solution: (a) convergence of the front-based displacement error
Wu, (b) convergence of the front-based error measure WF .

(a)

(b)

Fig. 8. Convergence rates for the approximation of a solution with a weak shock: (a) convergence of the total error measure W, (b)
convergence of the numerical energy dissipation D.
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deﬁnitions. Similar to the results for the smooth solution case, the results for this error measure are nearly
the same for the averaged and Godunov target values.
One possible explanation for the qualitative diﬀerence between the results for W and D is the fact that D
only measures errors on the element outﬂow boundaries, a region where discontinuous Galerkin methods
typically deliver their most accurate results. On the other hand, W measures errors on the element interiors
as well as on the complete element boundaries, so it is a more stringent error indicator than D. These results
suggest that the use of Godunov target values can be beneﬁcial in problems involving shocks. However,
averaged target values can still be used to good eﬀect when algorithmic simplicity is a priority.

Fig. 9. Evolution of the space–time mesh for the solid-fuel rocket grain example: (a) initial space mesh, (b) partial space–time mesh
containing 1.4 million tetrahedra, (c) partial space–time mesh containing 2.8 million tetrahedra.
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Fig. 10. Elastic shock propagation in a segment of a solid-fuel rocket grain: (a) time t = 0.050, (b) time t = 0.100, (c) time t = 0.150,
(d) time t = 0.200, (e) time t = 0.250, (f) time t = 0.300, (g) time t = 0.350, (h) time t = 0.400.

6.2. Solid-fuel rocket grain subjected to a sudden pressure load
Fig. 5(b) shows a single sector of a 2D cross-section of a star shaped solid-fuel rocket grain. We use a
plane strain model, with Youngs modulus E = 10, Poisson ratio m = 0.25, and density q = 2. Symmetry
boundary conditions are applied along the straight edges at the top and bottom, and the outer skin is modeled by a ﬁxed boundary condition. A pressure P is applied uniformly over the interior surfaces as shown;
the magnitude of P ramps rapidly from zero to a maximum value of 10 at time t = 0.006 and holds constant
at that value until the simulation interval terminates at time t = 0.400. This load history approximates (very
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roughly) the sudden pressurization of the grain as combustion initiates within the rocket core. Our goal is to
study the resulting pattern of shock waves in the grain.
Fig. 9 shows the initial space mesh and two partial space–time meshes constructed by Tent Pitcher during the course of the simulation. We use complete cubic polynomials to model the displacement ﬁeld within
each space–time tetrahedron. The complete space–time mesh contains a total of 22 million tetrahedra
arranged in 3.8 million patches. This discretization yielded a total numerical energy dissipation of only
0.025% of the inﬂow energy due to the pressure loading. Linear and angular momentum balance to within
machine precision.
Fig. 10 shows a time sequence of visualizations of the solution generated by the per-pixel visualization
system [28] described in Section 5.3. The strain energy density ﬁeld is mapped to color, with blue indicating
zero energy density. The velocity magnitude is mapped to the height ﬁeld, which is then shaded by a lighting
model to reveal its form. This visualization clearly reveals the propagation of the initial shock and its
numerous reﬂections. The shock fronts are well resolved. Some overshoot and undershoot is evident
ahead of and behind each shock front, as we have not added any stabilization to the basic Galerkin formulation. However, these artifacts are benign in that they leave no trace once a shock front passes a given
location.

7. Conclusions
We have presented a new space–time formulation of linearized elastodynamics that supports a discontinuous (Bubnov-)Galerkin ﬁnite element method that balances exactly both linear and angular momentum
on every space–time element. Balance is deﬁned with respect to Godunov boundary values—the physically
meaningful and mathematically correct values when shocks are present. Our numerical experiments conﬁrm that the use of Godunov values on interior noncausal interfaces generates smaller errors than alternative averaging schemes in problems with shocks.
Our method is dissipative and unconditionally stable. We have focused in this paper on partitions of the
space–time domain that are at least patch-wise causal, a property that enables solution strategies with linear
complexity in the number of space–time elements when the polynomial order is ﬁxed. However, the discrete
weak form Problem 7 remains valid on arbitrary partitions. Indeed, numerical experiments (not reported in
this work) conﬁrm that partitions with arbitrarily long time steps can be used, albeit at the expense of foregoing the patch-by-patch solution procedure and the linear complexity property.
Although our method does not balance energy exactly, the numerical dissipation is relatively small.
There is no need for ﬁltering or extra stabilization. Our numerical studies conﬁrm the error estimate
(46) and suggest that the limits on the polynomial degree used to facilitate the proof of the estimate in
[21] are not essential. We also found that our method delivers optimal convergence rates with respect to
the front-based error measures, Wu and WF .
Several enhancements and extensions of our formulation and implementation are worthy of mention.
We have tested a parallel version of the interleaved mesh-generation and solution algorithm described in
Section 5. The algorithms are relatively easy to parallelize, and we achieved linear scaling with better than
95% processor utilization on clusters of up to 64 processors. An adaptive extension of Tent Pitcher [23] has
been shown to greatly increase eﬃciency by introducing mesh reﬁnement only along the space–time trajectories of propagating shocks and singular solution features (e.g., crack tips). The support for nonconforming space–time grids in our SDG method facilitates strongly graded adaptive meshes. Integration and
assembly of patch-level systems accounts for a relatively large percentage of our computational load; equation solving is limited to systems of relatively modest size. In fact, a large share of the integration calculations are redundant, and a substantial reduction in computational cost could be realized through the use of
quadrature free methods, as in [29].
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Applications-based research motivates several other improvements. For example, we have implemented
a cohesive damage model that simulates fracture and other debonding phenomena. Implementation of
cohesive traction–separation laws within our discontinuous Galerkin framework is straightforward: relaxation of the kinematic compatibility constraint (10) and the substitution of the cohesive constitutive relation for the target tractions along the cohesive interface. We are investigating further extensions of the Tent
Pitcher algorithm that would support inclined tent poles and more general transformations of the advancing front. We plan to use these generalizations in boundary-tracking algorithms for applications with moving interfaces and moving boundaries. We are also considering generalizations of the formulation to
accommodate ﬁnite deformations and nonlinear material models.
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Appendix A. Component expressions for the weak formulation
This appendix presents an alternative statement of the weak form (33) using conventional tensor component expressions. First, however, we must introduce a mapping of the space–time from E  Rd to Edþ1
to enable the construction of normal vector ﬁelds on space–time d-manifolds. This mapping establishes an
arbitrary metric on space–time that is not intrinsic to elastodynamics. While it compromises the formal
invariance of our formulation, it introduces no error. Speciﬁcally, we introduce an arbitrary reference
velocity magnitude c and deﬁne a pseudo-time, ~t ¼ ct, whose dimension is length. All space–time ﬁelds
are now written as functions of ðx; ~tÞ, and all temporal derivatives are taken with respect to the
pseudo-time ~t.
Let W0 be an orthonormal basis for the subspace V Q0 . The component expansion of Eq. (33) is
Z
Z


fw_ i;j rijh þ q€
wi u_ ih þ qw_ i bi gdV þ
fw_ i ðrijh Þ nj  w_ i ðpih Þ n~t  sEij t^
rij n~t þ su_ i t^
rij nj gdS
oQ

Q

þ

Z
oQti

ðw0 Þi sui tn~t dS ¼ 0

8w 2 V Q ;

ðA:1Þ

in which
w0 ¼

X Z

v2W 0

oQti


wi vi n~t dS v;

ðA:2Þ

sft := f   f, n ¼ ni ei þ n~t e~t is the outward space–time unit normal vector ﬁeld on oQ in which e~t is the
orthonormal basis vector in the pseudo-time direction, and dS and dV are space–time surface and volume
diﬀerentials in Edþ1 . The deﬁnitions of target values (Æ) are given in (29) and (30) and in Appendix B.
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Appendix B. Deﬁnitions of Godunov values
The following subsections present expressions for the Godunov values of stress and velocity. The Godunov
strains are obtained by applying the inverse constitutive relation to the Godunov stresses, and the Godunov
momentum densities are obtained by applying the forward constitutive relation to the Godunov velocities.
B.1. Godunov values for solutions on E1  R
pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Let c ¼ E=q denote the elastic wave speed in which E denotes Youngs modulus. We drop all subscripts in this section since there is only one spatial direction. Consider a causal patch in E1  R, as shown
in Fig. B.1(a). The Godunov values of the mechanical ﬁelds on the noncausal interface Cab are functions of
the ﬁelds on the adjacent elements, Qa and Qb:
1
E
rG ¼ ðra þ rb Þ þ ðu_ b  u_ a Þ;
2
2c
1 a
c b
G
b
ðr  ra Þ.
u_ ¼ ðu_ þ u_ Þ þ
2
2E

ðB:1aÞ
ðB:1bÞ

B.2. Godunov values for solutions on E2  R
Consider a causal patch in E2  R, as shown in Fig. B.2. We ﬁnd the Godunov values by solving a onedimensional Riemann problem in the spatial direction n that is normal to the noncausal interface Cab, as
shown in Fig. B.3(a). For this purpose, it is convenient to introduce local spatial coordinates n1 and n2, such
that n1 points in the same direction as n, and n2 is tangent to Cab and forms a right-hand system with the
time coordinate t (Fig. B.3(a)).
Let l and k denote the Lamè parameters. We deﬁne
8
for plane strain;
<k
^
k¼
ðB:2aÞ
2lk
:
for plane stress;
k þ 2l
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
^
k þ 2l
^cp ¼
;
ðB:2bÞ
q
rﬃﬃﬃ
l
.
ðB:2cÞ
cs ¼
q

(b)

(a)
1

Fig. B.1. Regions for a noncausal interface in E  R: (a) inclined interface, (b) regions for Cab.
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Fig. B.2. Causal patch in E2  R with noncausal interface Cab.

(a)

(b)

Fig. B.3. Coordinates and inclination of a noncausal interface in E2  R: (a) local coordinates on noncausal interface Cab, (b) regions
(RI–RIV) for classifying the inclination of the interface Cab.

Depending on which region contains the inclined manifold Cab (see Fig. B.3), the components of the Godunov values with respect to the local spatial coordinate frame (see Fig. B.3(a)) are given by
1
q^cp
G
a
b
½u_ 1
ðr11 Þ ¼ fðr11 Þ þ ðr11 Þ g þ
All regions;
2
2
8
^
^
>
k
k
>
> ðr22 Þa þ
½r11 þ
½u_ 1 Regions I and II;
>
<
^
2^cp
2ðk þ 2lÞ
22 a
ðr Þ ¼
^
^
>
k
k
>
>
22 b
>
½r11 þ
½u_ 1 Regions III and IV;
: ðr Þ  ^
2^cp
2ðk þ 2lÞ
8 12 a
ðr Þ
Region I;
>
>
<1
qc
s
G
a
b
ðr12 Þ ¼
fðr12 Þ þ ðr12 Þ g þ
½u_ 2 Regions II and III;
>
2
2
>
: 12 b
ðr Þ
Region IV;

ðB:3aÞ

ðB:3bÞ

ðB:3cÞ
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1
1
½r11
u_ G1 ¼ ðu_ a1 þ u_ b1 Þ þ
2
2q^cp
8 a
u_ 2
>
>
>
<1
1
ðu_ a2 þ u_ b2 Þ þ
½r12
u_ G2 ¼
2
2qc
>
s
>
>
: b
u_ 2

All regions;

ðB:3dÞ

Region I;
Regions II and III;

ðB:3eÞ

Region IV;

in which
½f ¼ f b  f a .

ðB:4Þ
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