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without loss of generality.
a b s t r a c t

Non-Fourier conduction models remedy the paradox of infinite signal speed in the traditional parabolic
heat equation. For applications involving very short length or time scales, hyperbolic conduction models
better represent the physical thermal transport processes. This paper reviews the Maxwell–Cattaneo–
Vernotte modification of the Fourier conduction law and describes its implementation within a spacetime
discontinuous Galerkin (SDG) finite element method that admits jumps in the primary variables across
element boundaries with arbitrary orientation in space and time. A causal, advancing-front meshing pro-
cedure enables a patch-wise solution procedure with linear complexity in the number of spacetime ele-
ments. An h-adaptive scheme and a special SDG shock-capturing operator accurately resolve sharp
solution features in both space and time. Numerical results for one spatial dimension demonstrate the
convergence properties of the SDG method as well as the effectiveness of the shock-capturing method.
Simulations in two spatial dimensions demonstrate the proposed method’s ability to accurately resolve
continuous and discontinuous thermal waves in problems where rapid and localized heating of the con-
ducting medium takes place.

� 2008 Elsevier B.V. All rights reserved.
1. Introduction

1.1. Hyperbolic heat conduction

The local form of the energy balance equation for purely ther-
mal response is

C _T þ $ � q ¼ Q ð1Þ

in which C :¼ qcp is the volumetric heat capacity where q is the
mass density and cp is the specific heat capacity (measured per unit
mass at constant pressure), T is the temperature field, q is the spa-
tial heat flux vector field, and Q is the volumetric heat supply. The
Fourier heat law, q ¼ �jrT where j denotes the thermal conduc-
tivity tensor,1 is one of the most widely used and accepted constitu-
tive equations of continuum physics. It has held up to almost 200
years of experimental validation remarkably well. Fourier’s law gives
rise to the familiar parabolic heat equation. However, a parabolic
governing equation is paradoxical in the sense that information
propagates with infinite signal speeds [1–3]. Although this is a phys-
ical impossibility, the parabolic conduction model yields good agree-
ment with experimental data at most length and time scales of
engineering and scientific interest. However, at very small time
ll rights reserved.
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in this work for simplicity, but
and/or length scales and in certain temperature regimes, predictions
based on the Fourier law do not agree well with experimental
observations.

Wave-like thermal response with finite propagation speed was
first observed experimentally in solid He4 by Ackerman et al. [4].
Jackson et al. [5] verified this so-called second sound phenomenon
in high-purity dielectric crystals of sodium fluoride. Narayanamurti
and Dynes [6] discovered second sound heat propagation in semi-
metal bismuth.

While current trends in nanoscale devices and manufacturing
processes have sparked renewed interest in hyperbolic conduction
laws that deliver finite propagation speeds, the idea is not a new
one. A thermal wave model was first proposed by Maxwell [7] in
1867, while Cattaneo [8,9], and Vernotte [10] independently pro-
posed related models in the middle of the last century. Maxwell
advocated neglecting the leading term that leads to hyperbolicity,
as ‘‘. . . the rate of conduction will rapidly establish itself.” However,
Cattaneo and Vernotte introduce an additional material parameter,
the thermal relaxation time s, to generate a modification of Fou-
rier’s Law:

s _qþ q ¼ �jrT: ð2Þ

Various authors refer to (2) as either the Maxwell–Cattaneo, the
Cattaneo, the Vernotte, or the Cattaneo–Vernotte equation. For
the remainder of this paper, (2) shall be referred to as the MCV
equation. For a historical development of the MCV equation, as well
as both physical and mathematical justifications for it, see the re-
view articles by Joseph and Preziosi [2,3], Dreyer and Struchtrup
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[11], Özisik and Tzou [12], Chandrasekharaiah [13,14], and the ref-
erences therein. In order to cast the constitutive relation in the for-
mat of a conservation law, we use in this work the inverse MCV
equation,

kðs _qþ qÞ ¼ �rT; ð3Þ

where k :¼ j�1 is the thermal resistivity tensor. Eqs. (1) and (2) can
either be solved as a system or, given second-order differentiability
for both T and q and spatial uniformity of s, be combined into a sin-
gle wave equation with a damping term:

€T þ 1
s

_T � 1
sC
r � jðrTÞ ¼ 1

sC
ðQ þ s _QÞ: ð4Þ

In either case, the maximum thermal wavespeed, c ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
K=sC

p
where

K is the maximum eigenvalue of j, is finite for s > 0 and realistic
material properties. In addition to removing the paradox of infinite
signal speed, the hyperbolic thermal model (4) with appropriate ini-
tial and boundary conditions yields a well-posed Cauchy problem
for the temperature [15].

1.2. Review of numerical methods for the MCV equation

Several variants of the finite difference method have been ap-
plied to the hyperbolic thermal problem. Glass et al. [16,17] use
MacCormack’s scheme; their method provides stability and good
resolution at sharp wavefronts, but has the drawback of admitting
some oscillations. More recently, Liu et al. [18] use a flux-splitting
method to study the transient temperature response due to laser-
pulse heating. After splitting the flux, they invoke backward and
forward difference schemes to complete the method.

Zhang and Zhao treat problems in one, two, and three spatial
dimensions in a series of technical reports [19–21]. For the one-
dimensional case, they use a fourth-order compact finite difference
scheme with a Crank–Nicolson integrator. A second-order differ-
ence scheme with iterative solver is proposed for the two-dimen-
sional solution. The last report presents a second order in time
and space difference method with an iterative solver. In all cases,
they prove unconditional stability and present studies of numerical
error.

Yang [22,23] and later Shen and Han [24,25] proposed total var-
iation diminishing (TVD) schemes. Yang [22] uses a characteristics-
based TVD scheme for one-dimensional problems. In [23], the
method is extended to two dimensions using a fractional step
method. Shen and Han [24,25] apply characteristics-based TVD
schemes to problems with complex geometries and boundary con-
ditions in two dimensions. They also note that a dimension-split-
ting scheme must be used to treat reflections at boundaries. As is
the case with other high-order methods, TVD schemes introduce
significant diffusion at sharp wavefronts and discontinuities, there-
by reducing the accuracy of the solution to first order.2

Chen and Lin apply a hybrid numerical technique to problems in
one [28] and two [29] spatial dimensions. They first use Laplace
transforms to eliminate the temporal dependence, and then use a
control volume method to solve the resulting problem. A numeri-
cal inversion of the Laplace transform is the final step in their algo-
rithm. The goal of their work is to suppress spurious oscillations in
the numerical solution that can appear with other numerical meth-
ods. One drawback is that their method can develop instabilities
unless suitable parameters are chosen.

Carey and Tsai [30] present the first application of the conform-
ing finite element method (FEM) to the MCV equation. They em-
ploy a standard Galerkin weighted residual formulation in space
2 Goodman and LeVeque [26] prove that TVD schemes in 2D are at most first-order
accurate. LeVeque [27] further states that combining a high-order 1D scheme with
flux splitting in 2D can produce higher-order accurate results in smooth regions.
and study the effects of various time integrators. Manzari and
Manzari [31,32] propose a mixed finite element scheme for hyper-
bolic heat conduction. They use a Galerkin weighted residual FEM
for spatial discretization and a one-parameter b-method for time
integration. The mixed formulation accommodates independent
interpolation functions for the temperature and heat flux fields.
Xu et al. [33] consider nonlinear material properties and their ef-
fects on hyperbolic heat conduction. They discretize the equations
using a Bubnov-Galerkin FEM in space and implement a forward
difference scheme for time integration. They use an unstructured
mesh to investigate temperature-dependent absorptivity during
laser heating of a thin film and substrate.

Discontinuous Galerkin (DG) finite element methods have only
recently been applied to the MCV equation. Ai and Li [34,35] pro-
pose a DG method that permits discontinuities in space only, with
an explicit conditionally stable time integrator. They report numer-
ical results obtained with unstructured meshes in three dimen-
sions. Wu and Li [36] present a time-discontinuous Galerkin
method that extends earlier work by Li et al. [37]. They discretize
space and time simultaneously using a P3–P1 interpolation scheme
and weakly enforce continuity of the temperature field across con-
stant-time boundaries. Several authors have proposed DG methods
for parabolic diffusion equations, including the classical heat equa-
tion. Here we mention a few examples for readers with a more
general interest in the DG method for problems with diffusion. Ja-
met first introduces the DG method for parabolic problems in [38].
Eriksson, Johnson and Larsson published a series of papers on
adaptive finite elements for parabolic problems, including [39];
additional citations can be found therein. Zhang and Shu [40] pres-
ent an analysis of three different DG formulations for diffusion
equations. In [41], Zienkiewicz et al. summarize methods in which
both advection and diffusion terms are present. Kulkarni et al. pro-
pose a DG method for non-conforming meshes in [42]. Chrysafinos
and Walkington [43] provide error estimates for the spatially dis-
continuous Galerkin method for general parabolic problems while
allowing for changes in the basis functions between time steps.

1.3. Scope and organization

In this paper, we introduce a spacetime discontinuous Galerkin
(SDG) finite element method for the MCV equation. In contrast to
methods that support solutions with discontinuities in either space
or time (but not both), the SDG method admits discontinuities
across any spacetime element boundary without restriction on ori-
entation. We begin with continuum forms of the MCV and energy
balance equations, including the jump parts of the differential
operators to account for possibly discontinuous solution fields.
Then we use a Bubnov-Galerkin weighted residual method to de-
rive a discrete weak form of the problem. The resulting method
provides balance (to within machine precision) of the conservation
variables at both the element and global levels. As with other dis-
continuous Galerkin schemes and in contrast to finite volume and
finite difference methods, the compact support of SDG basis func-
tions supports high-order schemes without expanding the stencil.
The basic SDG formulation is unconditionally stable, although it
produces some overshoot and undershoot in the vicinity of solu-
tion discontinuities. These artifacts, when they occur, remain local
and do not pollute the global solution. In applications where this
overshoot is undesirable, we apply a special SDG shock-capturing
operator [44] that derives from the sub-cell method proposed by
Persson and Peraire [45].

Our SDG method employs an advancing-front meshing/solution
procedure that generates unstructured spacetime meshes that
obey a special causality constraint based on the characteristics of
the governing partial differential equations [46–48] (see also Sec-
tion 4.1). The causality constraint imposes a local restriction on
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mesh advancement in time, but there are no global restrictions.
Thus, regions of the mesh where the elements have small spatial
diameters do not limit time advancement in regions where the ele-
ments have large spatial diameters. We exploit this flexibility in an
h-adaptive analysis method that simultaneously adjusts spatial
and temporal element diameters to achieve significant perfor-
mance gains. This highly dynamic adaptive scheme is particularly
effective in resolving the sharp wavefronts that can arise in hyper-
bolic thermal solutions. The causality constraint implies that the
local solution on each new patch of elements produced by the
spacetime mesh generator depends exclusively on prescribed ini-
tial and boundary data and on data from previously solved
patches; it is decoupled from the solutions on all subsequent ele-
ments. This decoupling enables a scalable patch-by-patch solution
procedure with OðNÞ computational complexity, where N is the
number of spacetime elements, that interleaves patch generation
with local, patch-wise finite element solutions. The organization
of the remainder of this paper is as follows. Section 2 presents
the continuum formulation of the MCV thermal problem. In Sec-
tion 2.1, we review useful concepts from the exterior calculus on
spacetime manifolds and introduce a notation for differential
forms with vector coefficients. We develop the continuum govern-
ing equations in Section 2.2 by localizing the integral forms of the
energy and MCV equations. Section 3 formulates the SDG method;
a Bubnov-Galerkin weighted residual statement for a single space-
time element leads to the discrete weak form that defines the SDG
method. We introduce a shock-capturing method for our SDG
method in Section 3.3. Section 4 describes an implementation
of the SDG method and details our advancing-front meshing
procedure. Numerical results appearing in Section 5 include: con-
vergence studies and a demonstration of the shock-capturing oper-
ator in one spatial dimension, an example involving pulsed-laser
heating of a thin film and examples involving material microstruc-
tures with voids or inclusions subjected to discontinuous thermal
loading. Conclusions and directions for future research are dis-
cussed in Section 6. Lastly, the appendices present component
expansions of the discrete weak statement and expressions for
the Riemann values that determine the flux jump conditions.
2. Continuum formulation

2.1. Differential forms notation for spacetime manifolds

We use the notation of differential forms on spacetime mani-
folds to develop the SDG formulation. This approach supports a di-
rect, coordinate-free notation and leads to concise representations
of the governing equations that emphasize the notion of conserva-
tion over spacetime control volumes. It also circumvents a funda-
mental problem that arises with conventional tensor notation in
spacetime versions of the Stokes Theorem, where the absence (in
non-relativistic settings) of an inner product for spacetime vectors
leaves the notion of a ‘‘unit normal vector” ill-defined. In this sub-
section, we present definitions and notations for differential forms
with vector coefficients on spacetime manifolds. See [49,50] for a
more complete exposition of differential forms and the exterior
calculus on manifolds. Our formulation is specialized to flat space-
times for simplicity.

Consider a flat spacetime manifold D �M :¼ Ed � R in which d
is the spatial dimension of the manifold. We use the basis
fei; etgd

i¼1, in which the spatial basis feig spans Ed and et is the tem-
poral basis for R, to represent vectors in the tangent space T. The
tangent bundle for our flat spacetime is uniform over M, so we
denote the tangent space at all points P 2M simply as T, rather
than the usual TP . The dual basis for covectors in T� is denoted
as fei; etgd

i¼1 and is determined by the relations eiðejÞ ¼ di
~j,
eiðetÞ ¼ 0, etðeiÞ ¼ 0 and etðetÞ ¼ 1. Thus, the component represen-
tations of any vector a 2T and any covector b 2T� are
a ¼ aiei þ atet and b ¼ biei þ btet in which, and from here on, sum-
mation from 1 to d is implied for indices repeated between sub-
scripts and superscripts, excepting the reserved index t for which
no summation is implied.

Let Tr :¼T� � � � �T (r times) be the space of r-vectors; the
space of r-covectors (i.e., alternating, r-linear functions on Tr) is
denoted by KrT�. The standard basis for r-covectors is denoted
by fekg, in which k ¼ i1; . . . ; ir is a strictly increasing r-index. Any
r-covector x 2 KrT� has a unique component representation with
respect to the standard basis, x ¼ xkek, in which summation over
strictly increasing r-indices is implied. We use ‘‘^” to denote the
usual exterior product operator and d to denote the exterior deriv-
ative (cf. [49]).

A differential r-form on D (with scalar coefficients) is an r-
covector field on D; we call these r-forms for short. The standard
basis for 1-forms is fdxi;dtgd

i¼1, where for our flat manifold the
dxi are 1-forms with uniform values ei, and dt is the 1-form with
uniform value et . Thus, any 1-form with scalar coefficients has
the unique component representation with respect to the standard
basis, x ¼ xidxi þxtdt, in which xi and xt are scalar fields on D.
Top forms in spacetime are ðdþ 1Þ-forms, for which the standard
basis is the singleton set fXg, where X ¼ dx1 ^ . . . ^ dxd ^ dt. Thus,
a top-form a with scalar coefficients is expressed as a ¼ aX in
which a is a scalar function on D. Our formulation makes use of
forms with both scalar and vector coefficients. The usual definition
of the exterior product operator addresses forms with scalar coef-
ficients; here we extend the definition to address forms with vector
coefficients. Let a and b be r- and s-forms on D, respectively, let a
and b be vector fields on D, and let w be a scalar field on D. We
write aa and bb to describe an r-form and an s-form with vector
coefficients. The exterior product of aa and bb is the ðr þ sÞ-form
with scalar coefficients given by

aa ^ bb :¼ a � bða ^ bÞ: ð5Þ

A magnitude operator for forms with scalar or vector coefficients is
defined by

jwaj :¼ jwja jaaj :¼ jaja: ð6Þ

Let a be an r-form with r 2 fx 2 N : x 6 dþ 1g. The Hodge star oper-
ator, denoted as H, is defined by a ^Ha ¼ X, in which Ha is a
ðdþ 1� rÞ-form. We shall have use of d-forms, for which we define
a preferred basis fHdxi;Hdtgd

i¼1. This implies dxj ^Hdxk ¼ djkX,
dt ^Hdxj ¼ 0 and dxj ^Hdt ¼ 0 for j; k ¼ 1; . . . ;d. We define the ac-
tion of the Hodge star operator on a form with vector coefficients as
HðaaÞ ¼ aHa, where a and a are a vector field and an r-form, respec-
tively, on D.

We introduce a useful 1-form with vector coefficients and an
associated d-form with vector coefficients to facilitate our
formulation:

dx :¼ eidxi
Hdx :¼ eiHdxi: ð7Þ

Given any differentiable scalar field w on D, we find

dðwHdxÞ ¼ ðrwÞX dðwHdtÞ ¼ _wX: ð8Þ

For any differentiable vector field a on D, we have

dða ^HdxÞ ¼ ð$ � aÞX dða ^HdtÞ ¼ _aX: ð9Þ

Let faign
i¼1 and fbig

n
i¼1 be n-tuples of differential forms. To facilitate

our treatment of systems, we extend the exterior derivative, exte-
rior product, Hodge star and magnitude operators to act on n-tuples
of forms as follows.
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Consider any open region Q � D with a regular boundary oQ. We
write the Stokes Theorem in differential forms notation as [49]Z
Q

dx ¼
Z

oQ

x ð11Þ

in which x is a d-form with either scalar or vector coefficients.

2.2. Governing equations

This section presents the governing system of equations for en-
ergy balance and the MCV constitutive law using differential forms
notation, emphasizing their common structure as conservation laws
with source terms. We begin with the integral form of the system
and apply the Stokes Theorem (11) to derive the localized governing
equations. Since the hyperbolic system supports discontinuous
solutions, we address both the diffuse and jump parts of the local-
ized equations. The conservation laws format allows us to adopt
the SDG method proposed in [51] to discretize the problem.

Let D �M be the ðdþ 1Þ-dimensional spacetime analysis do-
main, where D has a suitably regular boundary oD, as shown in
Fig. 1. We introduce a 2-tuple of conservation fields,

u ¼
u1

u2

� �
¼

e

g

� �
; ð12Þ

where we define e :¼ CT and g :¼ kðsqÞ. The material parameters
C; k and s are assumed to be known, time-independent functions
of position x. Next, consider the 2-tuples of spacetime fluxes and
spacetime sources,

F ¼
Feðu; x; tÞ
Fgðu; x; tÞ

� �
S ¼

Seðu; x; tÞ
Sgðu; x; tÞ

� �
ð13Þ

in which a subscript ‘e’ denotes a quantity related to thermal energy
balance (1) and a subscript ‘g’ denotes a quantity related to the
inverse MCV equation (3). The spacetime fluxes, Fe and Fg, are
d-forms whose restrictions to any spacetime d-manifold embedded
in D deliver the fluxes of the associated quantities (i.e., thermal
energy or the quantity kðsqÞ) across the d-manifold. In particular,
we have
Fig. 1. Spacetime analysis domain D with boundary oD in Ed � R.
Fe ¼ CTHdt þ q ^Hdx Fg ¼ kðsqÞHdt þ THdx ð14Þ

and the source terms,

Se ¼ �QX Sg ¼ kðqÞX ð15Þ

in which Q : D! R. The integral form of the system of conservation
laws is then written as,Z

oQ

Fþ
Z
Q

S ¼ 0 8Q � D ð16Þ

in which only open subdomains Q with suitably regular boundaries
are considered.

We apply the Stokes Theorem and the Localization Theorem to
obtain the system of governing equations on each Q � D,

ðdFþ SÞjQ ¼ 0; ð17aÞ
ðF� � FÞjoQ ¼ 0 ð17bÞ

in which F� is a 2-tuple containing target fluxes F�e and F�g on oQ, and
FjoQ (without decoration) denotes the interior trace of F on oQ. The
target fluxes derive from Riemann values on portions of oQ on
the interior of D and from initial/boundary conditions on oQ \ oD,
as explained below. The term dF in (17a) represents the diffuse part
of the exterior derivative operator, while (17b) is the jump part that
accounts for possible discontinuities in the solution fields. Expand-
ing (17a) with the aid of (8) and (9) yields the system,

C _T þ $ � q� Q

kðs _qþ qÞ þ rT

( )
X ¼

0
0

� �
X; ð18Þ

that contains the residual forms of (1) and (3).
We follow the method of [51] in expressing the jump condition

(17b) with respect to target values that depend on the interior and
exterior traces of the fluxes as well as the local orientation of oQ.
This is a more stringent condition than the usual form of the jump
condition, but it maintains the correct characteristic structure
across singular surfaces and has been shown (for scalar conserva-
tion laws) to guarantee satisfaction of the entropy condition in
the weak formulation and to reduce numerical dissipation [51].
In the case of linear conservation laws, such as those considered
here, explicit expressions for the Riemann values are available that
are reasonably inexpensive to compute. Thus, there is no need
to consider numerical fluxes based on approximate Riemann
solvers.

2.3. Boundary partitions and computation of target fluxes F�

The values of F� in (17b) depend on the local orientation of oQ.
We consider only hyperbolic problems with well-defined charac-
teristic directions, and use the notion of causality to develop a dis-
joint partition of oQ into open subsets oQci, oQco and oQnc such that

oQ ¼ oQci [ oQco [ oQnc. We say that a d-manifold is causal if all
characteristics pass through it in the same direction.3 As depicted
in Fig. 2, the causal inflow boundary oQci is the subset of oQ where
the characteristic directions all point into the interior of Q. Similarly,
the causal outflow boundary oQco is the part where all characteristic
directions point to the exterior of Q. The non-causal boundary is de-

fined by oQnc :¼ oQ n oQci [ oQco. That is, the characteristic directions
at each location on the non-causal boundary point to both the inte-
rior and exterior of Q.

We similarly partition the boundary of the spacetime analysis
domain D. Initial conditions are prescribed on the domain causal
inflow boundary oDci, and no conditions are imposed on the do-
main causal outflow boundary oDco. We apply boundary conditions
3 ‘Causal’ has the same meaning as ‘spacelike’ in the physics literature.



Fig. 2. Depiction of boundary partition for a subdomain Q � E1 � R. Arrows indicate
local characteristic directions on oQ.
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on the domain non-causal boundary oDnc. We further partition the
non-causal boundary into disjoint Dirichlet and Neumann parts
according to oDnc ¼ oDnc

e [ oDnc
g . Prescribed boundary fluxes corre-

sponding to FeðFgÞ are applied on oDnc
e ðoDnc

g Þ.
For a regular subdomain Q � D, the target fluxes F� on the

boundary oQ are given by

F�ejoQ ¼
Fe on oQco

Fþe on oQci [ ðoDnc
e \ oQncÞ

FR
e on oQnc n oDnc

8><>: ð19aÞ

F�gjoQ ¼
Fg on oQco

Fþg on oQci [ ðoDnc
g \ oQncÞ

FR
g on oQnc n oDnc

8>><>>: ð19bÞ

in which the case with no superscript denotes the interior trace, a
superscript ‘þ’ indicates the exterior trace, and a superscript ‘R’ de-
notes a Riemann flux defined by the solution to the local Riemann
problem (cf. [27]). The exterior traces are obtained from the solution
on an adjacent part of the spacetime domain or from prescribed
boundary and initial data, as appropriate. Detailed expressions for
FR

e and FR
g appear in the Appendix.

3. SDG formulation

This section introduces a spacetime discontinuous Galerkin fi-
nite element method based on a weak form of (17). We first intro-
duce a disjoint partition Ph of the spacetime analysis domain D

into N open subdomains Qa, such that P ¼ fQagN
a¼1. From here on,

we refer to the subdomains as finite elements and to the partition
Ph as the spacetime mesh. Rather than enforce the governing equa-
tions (17) on all Q � D, we seek a discrete approximation by weakly
enforcing (17) only on each element Q 2 Ph. To this end, we use the
mesh Ph to construct a discrete, discontinuous Galerkin solution
space that is piecewise continuous on D with jumps admissible
across element boundaries: Vh :¼ fw : xjQ 2 Pr

Q; wijQ 2 Ps
Q 8Q 2

Ph; i ¼ 1; . . . ; dg, where Pk
Q is the space of polynomial functions of

order k on Q and r and s are selected non-negative integers. In the
numerical examples reported here, we find it convenient to set
r ¼ s and to use the same polynomial order in all elements, although
either or both of these constraints could be relaxed. The components
of the 2-tuple w :¼ ðx;wÞT are a scalar and a vector field on D, con-
sistent with the structure of (13), and we use wi to denote the scalar
components of w. We use polynomial basis functions with support
on individual elements to construct Vh and write VQ

h ¼VhjQ for
each element Q 2 Ph. The discrete weighted residuals statement
follows from the Bubnov-Galerkin version of the Method of
Weighted Residuals as applied to (17).
3.1. Discrete weighted residuals statement

For each Q 2 Ph, find u 2VQ
h such thatZ

Q

w ^ ðdFþ SÞ þ
Z

oQ

w ^ ðF� � FÞ ¼ 0 8w 2VQ
h : ð20Þ

We apply the Stokes Theorem to (20) to get the discrete weak form.

3.2. Discrete weak form

For each Q 2 Ph, find u 2VQ
h such thatZ

Q

ð�dw ^ Fþ w ^ SÞ þ
Z

oQ

w ^ F� ¼ 0 8w 2VQ
h : ð21Þ

We use (13) to expand (21) asZ
Q

�dx^ Fe þxSe

�dw^ Fg þw^ Sg

� �
þ
Z

oQ

xF�e
w^ F�g

( )
¼

0
0

� �
8ðx;wÞT 2VQ

h :

ð22Þ

In view of the independence of x and w, we can also writeZ
Q

ð�dx ^ Fe þxSe � dw ^ Fg þw ^ SgÞ þ
Z

oQ

ðxF�e þw ^ F�gÞ ¼ 0

8ðx;wÞT 2VQ
h : ð23Þ

The Cartesian component expansion of (23) can be found in the
Appendix.

3.3. Shock capturing

The SDG formulation (23) is unconditionally stable when applied
to systems of linear conservation laws, such as those considered
here. However, the basic SDG formulation exhibits local overshoot
and undershoot in the vicinity of solution discontinuities, except in
the special case of piecewise-constant models. Although the meth-
od’s element-wise conservation properties prevent these numerical
artifacts from polluting the solution globally, there exist applications
where it is desirable to suppress them. In this section, we present a
shock-capturing scheme that controls overshoot and undershoot.
We use the SDG shock-capturing scheme of Palaniappan et al. [44]
which derives from the sub-cell method of Persson and Peraire
[45]. In this scheme, we add artificial diffusion to the governing
equation (17) in those elements where non-smooth response is de-
tected by a discontinuity sensor, as described below. The specific
form of the diffusion operator is chosen to preserve the element-
wise conservation property of the basic SDG formulation. Let p de-
note a 2-tuple of d-forms defined as exterior products of the spatial
gradients of the components of u with Hdx,

p :¼
re ^Hdx
rg ^Hdx

� �
¼

rðCTÞ ^Hdx
rðkðsqÞÞ ^Hdx

� �
; ð24Þ

where, in view of the possibility of discontinuous material data and
solution fields, p is defined almost everywhere on D. We augment
(17) with an artificial diffusion term to obtain,

½dðF� aQpÞ þ S�jQ ¼ 0; ð25aÞ
½F� � F� aQðp� � pÞ�joQ ¼ 0 ð25bÞ

in which aQ is a uniform diffusivity for element Q, �aQp represents
the flux due to artificial diffusion and p� is the target value for p.
Replacing the residuals in (20) with those given in (25), setting
p� ¼ 0, and applying the Stokes Theorem, we obtain the stabilized
weak problem:

For each Q 2 Ph, find u 2VQ
h such thatZ

Q

½�dw ^ ðF� aQpÞ þw ^ S� þ
Z

oQ

w ^ F� ¼ 0 8w 2VQ
h : ð26Þ
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Specifying p� ¼ 0 preserves the SDG method’s element-wise conser-
vation property and maintains the integrity of our patch-by-patch
solution procedure, cf. [44]. The weak form (26) defines the stabi-
lized SDG method, but it remains to define a shock-capturing
scheme for sensing discontinuities and adjusting the strength of
the artificial diffusion within each element. Although the intensity
of the artificial diffusion can be adjusted on a per-element basis,
our numerical experience indicates that it is best to adjust the dif-
fusion on a per-patch basis, as described below.

Let fucjgdðmc Þ

j¼1 be the set of scalar components of the conservation
field uc, where m1 ¼ 0 and m2 ¼ 1. We expand the components ucj

in each element Q using a hierarchical polynomial basis. For poly-
nomial degree p, we have NðpÞ basis functions fwig

NðpÞ
i¼1 , and the

solution components on Q are expressed as

ucj ¼
XNðpÞ
i¼1

ui
cjwi: ð27Þ

A truncation of the solution on Q to order ðp� 1Þ in the hierarchical
basis is given by

ûcj ¼
XNðp�1Þ

i¼1

ui
cjwi: ð28Þ

We construct uc and its truncation ûc using the scalar component
fields defined in (27) and (28).

A discontinuity sensor for uc in element Q measures the level of
participation of the highest-order basis functions in the solution:

RQ
c ¼
kuc � ûckL2ðQÞ

kuckL2ðQÞ
: ð29Þ

No stabilization is required for the overly diffusive piecewise-con-
stant case, so we skip the computation in (29) and set RQ

c ¼ 0 when
p ¼ 0. To avoid a possible divide by zero when p > 0, we first com-
pare kuckL2ðQÞ to the norm of a reference magnitude for uc, denoted
by u0

c , and test for a near-zero solution. If kuckL2ðQÞ=ðu
0
c jQjÞ is found to

be near zero on Q, we skip the computation in (29), and set RQ
c ¼ 0.

See [44] for further details.
We expect RQ

c to decay with increasing polynomial order
according to 1=ðpþ 1Þ4 when the solution is smooth near element
Q [45]; a slower rate of decay indicates the presence of a non-
smooth solution feature. Accordingly, we propose the following
shock-capturing scheme for adjusting the strength of the artificial
diffusion. Let sQc :¼ logðRQ

c Þ. The intensity of artificial diffusion for
conservation field uc in element Q is

aQ
c ¼

0 if sQc < ~s� b;

~a
2 1þ sQc�~s

b

h i
if ~s� b 6 sQc 6 ~sþ b;

~a if sQc > ~sþ b

8>><>>: ð30Þ

in which ~a ¼ Cach=p and ~s ¼ log½Cs=ðpþ 1Þ4�; here h denotes the
spatial diameter of element Q, c is the thermal wave speed (cf.
1.1), while Ca, Cs and b are user-selected parameters. The effect of
(30) is to eliminate artificial diffusion in elements where the sensor
decays somewhat faster than the expected rate, with a linear ramp
to the maximum-strength artificial diffusion in elements where the
indicator decays more slowly than expected.

In practice, we find it best to use the same diffusion value for all
fields and for all elements within each patch. Thus, we determine
the element diffusions in patch P according to

aQ ¼ aP :¼max
Q2P
ðmax
c¼1;2

aQ
c Þ 8Q 2 P: ð31Þ

The discontinuity sensor in (29) is unreliable when applied to low-
order polynomial bases. We therefore recommend that a minimum
polynomial order be imposed for this method, say pmin ¼ 2. We use
the following heuristic for solving a patch of elements to implement
the shock-capturing scheme in hyperbolic conduction problems.

(1) Solve the patch with no stabilization.
(2) Use (29) and (30) to compute the sensors and the artificial

diffusion for each component of the conservation fields in
each element of the patch. Compute the patch-wise maxi-
mum diffusion aP according to (31).

(3) If aP ¼ 0, accept and store the solution from step 1. Other-
wise, discard the solution from step 1, assign the diffusivity
aP to all the elements in the patch according to (31), and
solve the patch again; store the new solution.

(4) Proceed to the next patch.
4. Adaptive spacetime meshing

An advancing-front procedure for constructing causal space-
time meshes is an essential component of our OðNÞ patch-by-patch
SDG solution procedure. We summarize in this section methods for
unstructured spacetime mesh generation with extensions for
adaptive analysis. Although our discussion focuses on meshing do-
mains in 2D � time, we use the same concepts to address domains
in 1D � time. In principle, the techniques we describe are extensi-
ble to domains in 3D � time, but we have not yet implemented this
capability. A more detailed treatment of causal meshing can be
found in [46–48,51].

4.1. Causal spacetime meshing

We use an advancing-front mesh generation procedure called
Tent Pitcher [52,53] to construct simplicial spacetime meshes that
satisfy a patch-wise causality constraint. A ‘patch’ is a collection of
tetrahedral elements. Therefore, the patch boundary is a collection
of oriented triangular facets in spacetime. The causality constraint
requires that all patch facets are causal, except for those facets that
lie on oDnc; any patch that satisfies this requirement is called a
causal patch. Inter-element boundaries within a patch are permit-
ted to be non-causal, so the elements within a patch must be
solved simultaneously. However, the solution within a patch de-
pends only on data from earlier patches and on prescribed initial
and boundary data. This asymmetric dependency implies a partial
ordering of patches that enables our OðNÞ patch-by-patch solution
procedure. Tent Pitcher begins with a triangulation of the spatial
domain generated by any available simplicial mesh generator, such
as Shewchuk’s Triangle [54]. We refer to this mesh as thespace
mesh. We append a temporal coordinate to the spatial coordinates
of each node in the space mesh; all time coordinates are initialized
to the starting time of the analysis interval. Distinct time coordi-
nates become associated with different nodes as the solution
evolves, so the space mesh generally describes a spacetime terrain
on which time is a nonuniform function of spatial position. The
space mesh controls the construction of a spacetime mesh, com-
prised of ðdþ 1Þ-simplices, as described below.

Tent Pitcher advances a node in the space mesh in time to cre-
ate a new node in the spacetime mesh. The spacetime segment
connecting the node at its previous and new times is called a tent
pole. Tent Pitcher constructs a new patch of spacetime elements as
the set of tetrahedra that connect the top and bottom of the tent
pole to the neighboring nodes in the space mesh. The outflow fac-
ets of each new patch must all be causal, and this imposes a local
condition on the tent-pole duration that is similar to a CFL condi-
tion. However, there is no global time-step restriction as in most
explicit time-stepping methods, and the causality constraint de-
rives from the requirements of our patch-by-patch solution proce-
dure, as explained below, and not from a stability condition. Tent
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Pitcher repeats this tent-pitching operation to generate a sequence
of causal spacetime patches that forms a fully unstructured space-
time mesh. We interleave the mesh generation and solution proce-
dures, computing immediately a patch-wise SDG solution every
time Tent Pitcher creates a new patch. This patch-by-patch solu-
tion procedure has OðNÞ complexity for fixed polynomial order,
where N in the number of spacetime patches. A violation of the
causality meshing constraint would require a larger cluster of ele-
ments to be solved simultaneously, and would thereby destroy the
OðNÞ complexity property and increase the computational expense.
However, stability would not be compromised since the SDG algo-
rithm for each cluster of coupled elements is implicit and uncondi-
tionally stable. In fact, the SDG formulation can be used with less
complicated meshing procedures, such as simple extrusion of a
space mesh in time. Although the solution would be more expen-
sive, the accuracy and element-wise balance properties of the
SDG method would be retained.
Fig. 4. L1 norm of terminal thermal error versus element diameter h.
4.2. Adaptive solution procedure

The goal of our h-adaptive scheme is to divide nearly evenly the
finite element error between all of the spacetime elements. We use
a residual-based, a posteriori error indicator derived from (21). We
define a 2-tuple of error indicators for the discrete solution on ele-
ment Q as sums of L1 norms of the volume and boundary residuals.

�Q ¼
�Q1
�Q2

� �
:¼
Z
Q

jdFþ Sj þ
Z

oQ

jF� � Fj ð32Þ

Based on the definitions of the target fluxes F� in (19), the outflow
faces do not contribute to the error and can be dropped from the
boundary integral in (32). Every time a spacetime patch is solved,
we compute the error indicator �Q for each element Q in the patch.

The error indicator (32) drives an extended, adaptive version of
the Tent Pitcher meshing algorithm. User-specified parameters
f�c; ��cgc¼1;2 define a target range for the element-wise error,
�c 6 �Qc 6 ��c. Before accepting a new patch solution, we perform
checks on each spacetime element Q in the patch to ensure that
the upper inequality is strictly enforced, while taking steps to
loosely enforce the lower inequality. If �Qc > ��c for either value of
c, we flag element Q as needing refinement; if �Qc < �c for both val-
ues of c, we flag element Q as coarsenable; otherwise, we flag Q as
needing neither refinement nor coarsening. If any spacetime ele-
ment in the patch is flagged as needing refinement, we discard
Fig. 3. Three adaptive meshing operations executed as spacetime patches (above) and as
a degree-n vertex i to create n� 2 spacetime tetrahedra: ijkn; ikmn; and iklm. The edge-flip
while tent pitching with an inclined tent pole (c) repositions a node from e to e0 .
the patch solution with all the spacetime elements in the patch
and immediately subdivide the corresponding elements in the
space mesh using a newest-vertex-bisection algorithm [47]. When
the tent-pitching sequence resumes, the causality constraint limits
the duration of spacetime elements pitched over the subdivided
space elements, resulting in simultaneous refinement in space
and time. Coarsening operations are postponed until all the ele-
ments surrounding a node in the space mesh are coarsenable. Tent
Pitcher then constructs a special spacetime patch that effectively
deletes the node from the space mesh, as illustrated in Fig. 3a.
The inflow facets of these special patches are fully compatible with
the outflow facets of previously-solved patches, so our spacetime
coarsening method eliminates the projection errors associated
with coarsening operations in most conventional remeshing proce-
dures. Similarly, spacetime implementations of edge-flip and node
relocation operations, depicted in Figs. 3b and c, ensure zero pro-
jection error in adaptive operations that maintain and improve ele-
ment quality.

5. Numerical results

In this section, we consider materials with spatially uniform
properties and isotropic conductivity tensors given by j ¼ jI,
where j 2 R : j > 0 and I is the identity tensor, and present all re-
sults in non-dimensional form. We non-dimensionalize tempera-
ture and heat flux as

eT ¼ T � T0

T0
; ~q ¼ q

T0Cc
; ð33Þ
instantaneous operations in space only (below). The coarsening operation (a) deletes
operation (b) uses a single spacetime tetrahedron to switch from edge ps to edge qr,



Fig. 5. Effects of shock-capturing operator (SC) and h-adaptive meshing on SDG
solution at t ¼ 0:65tL. Reference solution is TRS computed with n ¼ 5� 104.

Fig. 6. Analysis domains and loading for 2D examples.
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where T0 is a non-zero reference temperature, and scale the space-
time coordinates according to

~xi ¼
xi

sc
; ~t ¼ t

s
: ð34Þ

Many authors, dating back to [55], introduce a factor of 2 in the
temporal and spatial non-dimensionalization, yielding

~t ¼ t
2s ;

~xi ¼
xi

2sc
: ð35Þ

Although the ‘‘natural” coordinate non-dimensionalization is that of
(34), we find it convenient, for purposes of comparison with results
in the literature, to sometimes work with the non-dimensional
coordinates of (35). Our convergence study in Section 5.1 is non-
dimensionalized according to (33) and (34); the remainder of our
results are given using (33) and (35). For convenience, we drop
the tildes from the non-dimensional quantities from here on.
Fig. 7. Temperature evolution (color and height) for channel domain heated by
Gaussian laser pulse.



Fig. 8. Evolution of adaptive spacetime mesh for converging-diverging channel problem. Clockwise from top-left: mesh status after solution of 1 million, 5 million, 10 million
and 16,489,813 elements.

4 The L1 error computations were computed using Mathematica. Due to the highly
scillatory nature of the Riemann-sum solution, these integrals are not exact, but are

correct to within the significant digits reported here.
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5.1. Convergence study in one spatial dimension

Palaniappan et al. [51] demonstrated that the SDG method ap-
plied to scalar conservation laws delivers the optimal convergence
rate of Oðhpþ1Þ in the L1 error norm, where h is the maximum element
diameter, in regions where the solution is smooth. The present
formulation involves a system of conservation laws with solution-
dependent source terms, a class of problems that is somewhat
different from those considered in [51]. In this section, we demon-
strate that the convergence rate of the SDG method for the MCV
problem is also Oðhpþ1Þ for smooth solutions. To facilitate our
convergence study, we examine a problem in one spatial dimension
ðd ¼ 1Þ for which an analytical solution is available. The problem
domain is D :¼ fðx; tÞ : x 2 ½0;1�; t 2 ½0;1�g. The boundary and initial
conditions are specified as Tð0; tÞ ¼ 0, Tð1; tÞ ¼ 0, qðx;0Þ ¼ 0 and
Tðx; 0Þ ¼ sinðpxÞ. The exact solution satisfying (17) and the
prescribed data is

Tðx; tÞ ¼ cosðxtÞ þ 1
2x

sinðxtÞ
� �

sinðpxÞe�t=2; ð36aÞ

qðx; tÞ ¼ � p
x

cosðpxÞ sinðxtÞe�t=2; ð36bÞ

where x ¼ ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4p2 � 1
p

Þ=2.
We define the thermal error, eT :¼ TR � T in which a subscript ‘R’

identifies components of the reference solution (36) and T is the SDG
finite element approximation, and compute the L1-norm of the ter-
minal thermal error on X :¼ fðx;1Þ 2 oDg. In all cases, we use struc-
tured spacetime meshes in which all of the triangular elements are
geometrically similar. Fig. 4 indicates that the optimal convergence
rates of Oðhpþ1Þ are achieved and that errors on the order of machine
precision are obtained on meshes with sufficient refinement for
p ¼ 4;5. Similar results (not shown) demonstrate that the MCV
error, eq :¼ qR � q, attains the same optimal convergence rates.

5.2. Shock capturing in 1D

Although the SDG shock capturing operator introduced in 3.3 is
not required for numerical stability, it can be used to eliminate
undesirable over- and under-shoot in the vicinity of solution dis-
continuities. Here we demonstrate the effects of the shock-captur-
ing operator in a simple, one-dimensional example; see [44] for
more detailed studies of the shock-capturing operator as applied
to systems of nonlinear conservation laws.
The problem domain for this example is D :¼ fðx; tÞ : x 2 ½0; L�;
t 2 ½0; tf �g. The boundary conditions are Tð0; tÞ ¼ 1 and TðL; tÞ ¼ 0,
while zero initial data are prescribed for both T and q. The incompat-
ible initial and boundary data at ðx; tÞ ¼ ð0;0Þ generates a traveling
discontinuity in the solution that arrives at x ¼ L at time tL ¼ L=c, in
which c is the thermal wave speed, cf. 1.1. For t < tL, the solution to
the present problem coincides with the solution to a problem posed
on the quarter-spacetime, D0 :¼ fðx; tÞ : x; t > 0g with the same
properties and boundary conditions, except L ¼ 1. Thus, we use
the solution to the quarter-spacetime problem as a reference solu-
tion for times t < tL.

Tzou [56] treats the half-space problem in a semi-analytic fash-
ion. After non-dimensionalizing according to (33) and (35), he in-
vokes a temporal Laplace transform. The solution to the
transformed equation is straightforward, but the inverse Laplace
transform is not. To overcome this difficulty, Tzou introduces a Rie-
mann sum approximation for the inversion. For the present set of
boundary conditions, the transformed solution and its approxi-
mated inverse are

Tðx; kÞ ¼ 1
k

e�x
ffiffiffiffiffiffiffiffiffiffi
kðkþ2Þ
p

; ð37Þ

TRSðx; tÞ ¼
ect

t
1
2

Tðx; cÞ þ Re
XN

n¼1

ð�1ÞnTðx; cþ inp=tÞ
( )" #

; ð38Þ

where ‘Re’ denotes the real part, k is the Laplace transform of t and
c ¼ 4:7=t. The subscript RS denotes the Riemann-sum approxima-
tion to the exact solution.

Fig. 5 displays plots of the SDG solution, with and without shock
capturing, and the reference Riemann-sum approximation TRS at
t ¼ 0:65tL. The values of the shock-capturing parameters are
Ca ¼ 1, Cs ¼ 1=4 and b ¼ 2. Fig. 5a demonstrates the ability of the
shock-capturing operator to suppress overshoot and undershoot
at the discontinuity without polluting the rest of the solution. In
these simulations, we use a non-adaptive mesh with uniform spa-
tial diameter h ¼ 0:01, leading to a total of 9,900 quartic (i.e., p ¼ 4)
spacetime elements. The terminal error norm is keTkL1ðXÞ ¼ 5:339�
10�3.4
o
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Fig. 5b shows the ability of an h-adaptive SDG solution with
shock capturing to more accurately capture the discontinuity while
suppressing the overshoot and undershoot that persist when
Fig. 9. Temperature evolution (color and he
h-adaptive methods are applied alone. The adaptive error toler-
ances, � ¼ 0:60� 10�5 and �� ¼ 1:4� 10�5, generate an unstruc-
tured spacetime mesh containing 16,035 elements (a total of
ight) for a domain with circular voids.
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18,790 elements were solved including those discarded for refine-
ment), yielding a terminal error norm for the adaptive case of
keTkL1ðXÞ ¼ 8:739� 10�4.4 Thus, the adaptive simulation decreases
the error by over a factor of 6 while increasing the analysis cost
by less than a factor of 2.

5.3. Two-dimensional study of Gaussian laser-pulse heating

The first of the two-dimensional examples we present is a con-
verging–diverging channel problem identical to the one solved in
[34]. The analysis domain, shown in Fig. 6a, is symmetric about
the x-axis; we exploit this symmetry in our computations and
model only the top half (i.e., y > 0) of the domain. The laser pulse
incident on the left side of the domain is modeled as a non-dimen-
sional Gaussian-type body heat source,

Qðx; y; tÞ ¼ 1
2Dtp

exp �1þ x
D
� y2

D2
r

� t
tp

� 	2
" #

; ð39Þ

where D is the penetration depth, Dr is the width of the laser beam
and tp is the characteristic duration of the laser pulse. In this study,
we specify D ¼ 0:05, Dr ¼ 0:10 and tp ¼ 0:10. The material parame-
ters are the same as in the previous example, and we impose homo-
geneous initial conditions. We use cubic (i.e., p ¼ 3) spacetime
elements and enable h-adaptive meshing with � ¼ 0:60� 10�8

and �� ¼ 1:4� 10�8. This problem has a smooth solution, so the
SDG shock-capturing operator is inactive.

Fig. 7 shows a time sequence of the evolving temperature distri-
bution within the channel domain. These images of the solution
fields, as well as those in subsequent examples, are generated with
the per-pixel accurate rendering system described in [57]. The
numerical results from our SDG simulation are reflected about
the x-axis in the visualizations to show the complete problem do-
main. At t ¼ 0:10, the thermal response reflects the Gaussian distri-
bution of the laser-pulse irradiation. The second plot, at time
t ¼ 0:50, shows thermal waves propagating away from the source,
with lower temperatures in the region of the heat source. The plot
at t ¼ 1:00 depicts the heat wave traversing the middle of the
channel; reflections from the boundaries are clearly visible. The
heat pulse reaches the right edge of the domain at t ¼ 2:00 in
the final plot. The temperature distribution is not yet uniform
throughout the body, but the temperature range is significantly
reduced compared to early times. Our results are broadly similar
to those reported in [34], although the SDG solution generally pre-
dicts sharper wavefronts and resolves a number of fine-scale solu-
tion features that are absent in [34]. We attribute these differences
to our use of higher-order spacetime elements in a relatively well-
resolved, adaptively-refined mesh. Although there is insufficient
information available for a quantitative comparison of efficiency,
we note that our adaptive solution procedure generates
Fig. 10. Comparison of a material with voids (left) to a homogeneous strip (right) at
diffraction due to the voids, in combination with intrinsic diffusion, eliminate the wave
16,489,813 cubic spacetime elements, while [34] used over 7000
linear triangular elements in a non-adaptive space mesh and an
unspecified number of forward-Euler time steps. This example
shows that our results are at least in general agreement with pub-
lished results for the hyperbolic thermal model. It also demon-
strates the influence of interacting waves on the temperature
distribution, an effect that Fourier’s law cannot capture.

Fig. 8 illustrates our h-adaptive, advancing-front analysis proce-
dure. Dense mesh regions, filled with small-diameter, short dura-
tion elements, cover the trajectories of sharp solution features to
accurately resolve moving wavefronts. However, these elements
do not impose a global restriction on element durations; larger ele-
ments with much longer durations reduce the cost of analysis in
regions where the solution is less sharply graded. The clear corre-
lation between significant solution features and the mesh-density
pattern demonstrates the effectiveness of our adaptive error
indicator.
5.4. Effect of voids and inclusions on heat conduction

This set of examples demonstrates the ability of the SDG meth-
od to model more complex domains and boundary conditions as
well as its ability to capture sharp solution fronts with shock cap-
turing and h-adaptive meshing. We consider a material containing
circular voids or inclusions, as depicted in Fig. 6b. Matrix material
surrounds circular features with radius r ¼ 1=2. We apply homoge-
neous initial conditions and impose Dirichlet temperature bound-
ary conditions, T ¼ 1 and T ¼ 0 along the top and bottom edges,
respectively. The domain is symmetric about the y axis, so we only
model the half where x > 0 with symmetry conditions along the
x ¼ 0 and x ¼ 1=2 boundaries.

5.4.1. Material with circular voids
In this example, we use homogeneous Neumann (zero heat

flux) conditions along the circular boundaries to model the
effects of voids. We use cubic (i.e., p ¼ 3) spacetime elements
and activate the h-adaptive analysis scheme with � ¼ 4:50� 10�8

and �� ¼ 1:05� 10�7. The resulting spacetime mesh contains
14,832,534 tetrahedral elements. The shock-capturing parameters
are Ca ¼ 1, Cs ¼ 1 and b ¼ 2.

Fig. 9 shows a time sequence of the temperature distribution
in which temperature is mapped to both the height and color
fields in the visualizations. A right-propagating thermal shock,
due to the non-zero Dirichlet loading along the left edge, is visible
at time t ¼ 0:50 with little evidence of diffraction by the voids.
However, edge effects and reflections off the void boundaries
are clearly evident behind the shock front. Temperatures higher
than the prescribed boundary values are present due to wave
interactions.
t ¼ 3:75. The homogeneous strip shows a wavefront still present. Reflections and
front in the perforated material.
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The visualization at t ¼ 0:75 shows early reflections of the lead-
ing thermal wavefront off the boundary of the left-center void; dif-
fraction effects are clearly evident. Waves behind the front
continue to interact and reflect off the void boundaries, creating
an increasingly complex thermal distribution. As the thermal pro-
file evolves to t ¼ 1:00, the waves behind the front continue to
interact, although the magnitudes of individual waves decrease.
Sharp wavefronts traveling at the sides of the center void are still
Fig. 11. Time sequence of T (height) and jqj
visible. The leading thermal waves reach the right-center void in
the final visualization, at time t ¼ 2:00. The temperature gradients
behind the front continue to decrease, due to both intrinsic diffu-
sion and the increasing number of wave interactions.

This example demonstrates the effects of non-uniform geome-
try on the dissipation of a temperature discontinuity. We illustrate
this point in Fig. 10, where we compare at time t ¼ 3:75 the re-
sponse of the material with voids to that of a strip of homogeneous
(color) for composite material system.
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material subjected to identical loading. A thermal shock front is
still visible in the solution for the homogeneous strip, whereas
no such discontinuity is evident in the solution for the material
with voids. Both solutions reflect the diffusion that is implicit in
the governing equations. However, the absence in the perforated
material of an unobstructed trajectory for the initial thermal wave-
front leads to complex wave interactions that cause the tempera-
ture profile to approach a uniform gradient more rapidly than in
the homogeneous medium.

5.4.2. Composite material with circular inclusions
In this final example, we examine the effects of hyperbolic heat

conduction on a bimaterial system comprised of circular inclusions
embedded in a matrix. We use subscripts 1 and 2 to denote,
respectively, quantities associated with the matrix and inclusion
materials. The non-dimensionalization, given by (33) and (35), is
with respect to the properties of the matrix material. The matrix
and inclusion parameters are related by j2=j1 ¼ 1=2, s2=s1 ¼ 1
and C2=C1 ¼ 2. The resulting thermal wave speeds are c1 ¼ 1 and
c2 ¼ 1=2. We use Riemann fluxes for bimaterial interfaces, cf.
Appendix B.2, on the boundaries between the matrix and the inclu-
sions. The element polynomial order, the adaptive error tolerances
and the shock-capturing parameters are the same as in the previ-
ous example. The resulting spacetime mesh, which now covers
both the matrix and the inclusions, contains a total of 17,145,419
tetrahedral elements.

Fig. 11 displays a sequence of visualizations of the temperature
field and the heat-flux magnitude, with T mapped to height and jqj
to color. The first three images display the wave-like evolution at
early times, while the fourth image displays the diffuse solution
after steady-state conditions are attained. In all the images, we ob-
serve that the Fg component of the jump condition (17b) enforces
continuity of temperature when applied to the vertical (in space-
time) bimaterial interfaces. Although the jump condition on Fe

similarly enforces continuity of the normal component of q across
the bimaterial interfaces, this does not imply continuity of jqj.
Accordingly, the color fields in the images exhibit discontinuities.

At time t ¼ 0:625, the initial wavefront is transiting the top row
of inclusions. The effects of the distinct wave speeds in the bimate-
rial system are clearly evident; refraction generates curved, lagging
wavefronts within the inclusions as the faster waves in the matrix
diffract around the inclusion boundaries. Reflections off the inclu-
sion boundaries and waves due to edge effects along the top
Dirichlet boundary are also visible within the matrix. At t ¼ 1:00,
the leading wavefront impinges on the second row of inclusions.

By the Maximum Principle, we know that no local extrema are
possible on the interior of the spacetime domain D via the para-
bolic Fourier conduction model in the absence of heat sources Q.
This is not the case for the hyperbolic MCV model, as is dramati-
cally demonstrated in Fig. 11b. Here, the curved wavefronts within
the top row of inclusions converge to a point, causing sharp spikes
in both the temperature and flux fields. This focusing effect gener-
ates a peak temperature of T ¼ 2:096 at t ¼ 0:994, more than dou-
ble the maximum Dirichlet boundary value, T ¼ 1:0. Part of the
energy amassed in the spikes is transmitted to the matrix in the
form of sharp radial wavefronts that impinge on the central inclu-
sion in Fig. 11c, within which a new spike is forming.

In the final plot at t ¼ 6:0, the solution has reached a steady state,
and the temperature field shows no visible perturbations from a
uniform gradient. The composite material channels most of the
thermal flow through the more conductive matrix. Although flux
concentrations are evident where the more resistive inclusions con-
strict the flow, the peak values of jqj are substantially smaller than
in the early stages of the simulation. At this stage, we have _q � 0, so
the MCV equation (2) agrees with the Fourier conduction model,
and the long-term hyperbolic and parabolic solutions match.
Comparing the results of this simulation to those presented in
Fig. 9, we observe that the inclusions have a diffusive effect that
suppresses the complex wave patterns generated by reflection
and diffraction in the material with voids. In general, sharp wave-
fronts tend to dissipate more rapidly in the composite system, so
less mesh refinement is required to resolve the solution as the sim-
ulation advances. Thus, even though the spacetime mesh in this
example covers a larger domain than the one used in the example
described in Section 5.4.1, there is only a modest increase in the
number of tetrahedral elements.
6. Conclusions

We have presented a new spacetime discontinuous Galerkin
method for hyperbolic heat conduction using the MCV equation.
The SDG formulation guarantees element-wise conservation with
respect to Riemann fluxes and prescribed data on the element
boundaries. A causal spacetime meshing procedure and a patch-
by-patch solution scheme yield a method with OðNÞ complexity
that can handle models with tens of millions of spacetime ele-
ments on single-processor systems. Since multiple patches can
be pitched and solved simultaneously, the SDG method is well-sui-
ted to asynchronous, parallel implementations that could support
even larger problem sizes. Work on a fully-adaptive, parallel
implementation is in progress and will be reported in a later paper.

The SDG formulation supports element basis functions of arbi-
trarily high polynomial order without expanding the stencil. This
is in contrast to, for example, finite volume methods where
expanding stencils limit the efficiency of higher-order models.
Our numerical experiments confirm optimal convergence rates of
Oðhpþ1Þ in L1 error norms for problems with smooth solutions.
Although the SDG method does not require stabilization for the
MCV equation, the SDG shock-capturing operator can be used to
eliminate overshoot and undershoot in the vicinity of solution dis-
continuities. A robust shock indicator for the case of first-order
polynomials would improve the efficiency and flexibility of our
method; this is the subject of on-going research.

An improved Tent Pitcher algorithm with h-adaptive extensions
accurately captures sharp solution features while maintaining rea-
sonable solution cost. Spacetime implementations of common
adaptive meshing operations, including vertex deletion, edge flips
and vertex smoothing, circumvent the projection errors that are
unavoidable when these operations are implemented in space
only. This approach preserves the optimal convergence rates of
high-order SDG models, while the projection errors in conventional
remeshing techniques can be no better than OðhÞ. Adaptive error
checks and remeshing are implemented locally at the patch level
in a patch-by-patch solution procedure, so that remeshing pro-
ceeds continuously throughout the solution process. This fine-
grained approach to remeshing yields an efficient adaptive algo-
rithm, as only a small amount of computational effort is discarded
when a patch solution is rejected for exceeding the error
tolerances.

Our current h-adaptive algorithm is reasonably efficient for
problems with smooth solutions where regularity does not limit
the convergence rate for higher-order elements. However, the
MCV model admits solutions with discontinuities, where regularity
limits the convergence rate to Oðh=pÞ in the SDG shock-capturing
method. Thus, higher-order elements are inefficient in the vicinity
of discontinuous features, as their cost grows more rapidly than
the error reduces for larger values of p. Therefore, an hp-adaptive
implementation of the SDG method, in which high-order elements
are used in smooth regions and low-order elements are used near
discontinuities, should yield significant efficiency gains over our
current implementation.
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The two-dimensional numerical examples in this work illus-
trate the distinct physics captured by the MCV equation and Fou-
rier’s law. Studies of materials with voids and inclusions
demonstrate the ability of the SDG method to handle non-trivial
domain geometries and to incorporate bimaterial interfaces in a
straightforward manner. The finite wave speeds implicit in the
MCV equation create a complex pattern of wave interactions and
boundary reflections that are absent in models based on the classi-
cal heat equation. This wave-like behavior leads to thermal re-
sponse that is qualitatively different from that generated by
parabolic conduction models. For example, the MCV model pre-
dicts temperatures well above the maximum boundary data in
problems with Dirichlet loading as well as uneven heating of ma-
trix material and inclusions in bimaterial systems.

The adaptive SDG model for hyperbolic heat conduction deliv-
ers high-precision solutions for applications defined at very small
length and time scales where wave-like thermal response is impor-
tant and the Fourier conduction model’s adherence to the Maxi-
mum Principle renders it a non-conservative approximation. A
thermomechanical model using the MCV conduction equation is
an important extension that will be reported in a forthcoming pa-
per; extensions to accommodate nonlinear thermal response
would also be of interest. Potential applications of this technology
include simulations of pulsed-laser heating of thin films, MEMS
and electronics fabrication processes, integrated circuit chips and
cryogenic cooling [34]. Concurrent coupling of atomistic and con-
tinuum models is another promising application; the thermal com-
ponent of a hyperbolic thermomechanical model could account for
the energy associated with high-frequency atomistic motions that
cannot be resolved in the continuum.
Fig. B.1. Causal patch of elements in E1 � R with non-causal interface Cab .
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Appendix A. Discrete weak form in indicial notation

In this appendix, we present the discrete weak form (26) in
indicial notation. Commas as subscripts denote partial derivatives
with respect to the variable appearing after the comma, and a
superposed dot indicates partial differentiation with respect to
the temporal variable. The definitions of the fluxes and source
terms from (14) and (15) are substituted in for clarity. The discrete
weak form in indicial notation isZ

Q

f� _xCT þx;j½aQdjkðCTÞ;k � qj� þxQ � _wjkjksqk

�wj
;jT þ aQwj

;mdmnðkjksqkÞ;n þwjkjkqkgdV

þ
Z

oQ

f½ðxðq� j � aQp�1
jÞ þwjT�Þdjk �wjaQðp�2Þjk�nk

þ ½xCT� þwjkjksq�k�ntgdS ¼ 0 8ðx;wÞ 2VQ
h ðA:1Þ

in which nt and nm are the temporal and spatial components of the
unit spacetime normal vector n defined as outward on oQ, and kjk

and ðp�2Þjk are covariant components of the tensors k and p�2.
In this rendering of the SDG formulation, we artificially treat

spacetime as a manifold in an Euclidean space of dimension
dþ 1 to uniquely determine the spacetime unit normal vector n.
This requires that we select a positive reference velocity to resolve
the dimensional differences between space and time coordinates.
Although the choice of the reference velocity is entirely arbitrary,
the validity of the resulting formulation is independent of its value.
Our use of exterior calculus on manifolds in the main formulation
circumvents these complications, allowing us to work directly in
the natural vector space for this problem, Ed � R.

Appendix B. Riemann fluxes

The definitions of the Riemann fluxes (denoted with superscript
R) complete the formulation. In view of the linearity of the prob-
lem, we have

FRðT;qÞ ¼ FðTR;qRÞ ðB:1Þ

for both the homogeneous and bimaterial interfaces considered in
this paper. Thus, this appendix presents expressions for the Rie-
mann values of the temperature TR and the heat flux vector qR for
spatial dimension d ¼ 1;2. We also present Riemann values for ver-
tical bimaterial interfaces, cf. Section 5.4.

We introduce notation for jump and average operators, sf t ¼
fb � fa and hhf ii ¼ 1

2 ðfb þ faÞ, where subscripts a and b refer to traces
from opposite sides of a spacetime interface.

B.1. Riemann values on 1-manifolds in E1 � R

Consider a causal patch of elements on E1 � R, as depicted in
Fig. B.1. The Riemann values on Cab are functions of the traces of
the temperature and heat flux vector fields from the adjacent ele-
ments, Qa and Qb. We obtain the Riemann values as the solution to
a local Riemann problem defined on the configuration shown at the
right in Fig. B.1. For a homogeneous interface with jmj 6 jcj, the
Riemann values are

TRðx; tÞ ¼ hhTii � z
2

sqt qRðx; tÞ ¼ hhqii � 1
2z

sTt; ðB:2Þ

where z ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
s=jC

p
and the wavespeed c ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
j=sC

p
. The Riemann val-

ues change slightly for a bimaterial interface with m ¼ 0. To com-
pute these values, we follow the procedure outlined in [27] to
obtain

TRðx; tÞ ¼ 1
za þ zb

ðzaTb þ zbTa � zazbsqtÞ; ðB:3aÞ

qRðx; tÞ ¼ 1
za þ zb

ðzaqa þ zbqb � sTtÞ; ðB:3bÞ

where the subscripts a and b indicate the side (material) from
which the trace is taken.

B.2. Riemann values on 2-manifolds in E2 � R

Consider a causal patch of elements in E2 � R, as depicted in
Fig. B.2a. The noncausal interface Cab is the common boundary be-
tween two elements in the patch, Qa and Qb. We introduce a new
pair of spatial coordinates ðn1; n2Þ to facilitate the formulation of
a one-dimensional Riemann problem on Cab. The second coordi-
nate, n2, is the spatial vector that is tangent to Cab; n1 is the spatial
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vector that is orthogonal to n2 and that points outward from Qa. Let
the spatial normal vector n be the vector with unit magnitude in
the direction of n1. Fig. B.2b illustrates the ðn1; n2Þ-coordinate sys-
tem and the spatial normal vector n.

We solve a one-dimensional Riemann problem in the direction of
n (cf. Abedi et al. [46]). There are two branches to the solution,
depending on the inclination of Cab and which of two regions, RI
and RII shown in Fig. B.2c, it lies in. If Cab is vertical and lies on
the boundary between the two regions, the solution from either
branch may be used as they generate identical Riemann fluxes for
this orientation. We introduce the following quantities to obtain a
concise notation: l ¼ jðnÞ � n, z ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
sl=C

p
, and the wavespeed

c ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
l=sC

p
. The Riemann values for a homogeneous interface are:

TR ¼ hhTii � z
2l

sqt � n if Cab is in RI or RII; ðB:4aÞ

qR ¼
qa � 1

2 ðz�1sTt� l�1sqt � nÞjðnÞ if Cab is in RI;
qb � 1

2 ðz�1sTtþ l�1sqt � nÞjðnÞ if Cab is in RII:

(
ðB:4bÞ

The numerical results presented in 5.4.2 require the Riemann values
for a vertical bimaterial interface. Again, we follow the procedure in
[27] to obtain

TR ¼ 1
zalb þ zbla

zalbTb þ zblaTa � zazbsqt � n

 �

if Cab is in RI or RII; ðB:5aÞ

qR ¼
qa � 1

zalbþzbla
ðlbsTt� zbsqt � nÞjðnÞ if Cab is in RI;

qb � 1
zalbþzbla

ðlasTtþ zasqt � nÞjðnÞ if Cab is in RII:

8<:
ðB:5bÞ

It is straightforward to show that (B.4) reduces to (B.5) when the
materials on opposing sides of an interface are identical.
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