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Course notes:
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* Consider the problem

PDE@;—TLﬂ+m=O —x < x < x I<t<=
IC u(x,0) = F(x) (an arbitrary initial wave)
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+ Key aspect of the first order PDEs we discussed was the solution for
characteristic curves along which the solution could be obtained by the
solution of an ODE.

The spatial to temporal slope of characteristics corresponds to the wave

speed. . . )
( / ( q W chade @?M\M

§ varies along the

characteristics (R anges (Energy propagates along these lines)
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« The hyperbolicity ot a PDE corresponds to having characteristic curves along ~ «ol—C PD E
which the solution propagates. For higher order PDEs we investigate if we can
breakdown the PDEs into the solution of ODEs along characteristic curves. If
this is possible the PDE is hyperbolic and has a finite speed of information
propagation at a given point. va E“A
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« Consider a general 2" order PDE ‘ 2ol = dyf PD&

= 2\ —
F(Z,u, Du, D*u) = 0. 9 MW“M”\\ w/mwo%«/%

» We restrict our attention to linear PDE with 2 independent parameters
below (results can easily be generalized to semi-linear case):

Au, + Bu,, + Cu,yi Du, + Eu, + Fu = G \@\NU VAM JV(’/(W\S

Corm 4
\/\‘X\A_/)\ C,AA/ )VUN% v \3& V\OW\\W

})\@)\ﬂ @U/‘ﬂ CC)Q‘]\ i oo/
A’@\«(p)? *Q:O AZ %7_47L\<

where A, B, C, D, E, F, G are functions of (x, y) in general (linear PDE).
The classification of PDE at a given point (x,, y,) is as follows:

1. Hyperbolic at a point (x,,y,) if B2(xpyo) -
4A(xo;yo)c(xo,yo) > 0.
2. Parabolic at a point (x,y,) if B2(xpy,) -
4A(xo(x0,Y0)C(Xp,Y ) = O.
3. Elliptic at a point (xpy,) if B2(x,,Yp)
4A(x0,Y0)C(x0,Y ) < O.
If 1 holds for all (x, y) the PDE is called hyperbolic for all positions (same for 2 and 3)

Examples:
e The wave equation
Uy — Upy = 0 is hyperbolic. SCala OV
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U, xb \)y&

N _4hCc O — s

X> d
(@) u,=u, B*~-4AC =0  (parabolic)

(b) u, = u, B* - 4AC =4 (hyperbolic)

(€) U, =0 B* - 4AC =1 (hyperbolic)

(d) w, +u

elliptic for y > 0
(e B? - 4AC = -4y parabolic for y = 0
hyperbolic for y < 0

=0 B -4AC= -4 (elliptic)

Note that PDE can change from based on position:
Tricomi equation of transonic flow

0%u N 9%u _ 0o
oz2 " Y dy?
A=1.B=0C=y mmm) B2 - AC = —y
PDE type based y4
on position ]
(E)
I
(P) >
| X
(H)

Source: [Loret, 2008]

i\v\(x “T‘ﬂbdxﬂ *CM%U
» The idea is to cast the PDE in the canonical form ( xm 5 ( 6)(\,])

Q@

l =l = V(& M, 4, 4y 0,) (two canonical forms for) W A IXAT T QO

‘ : : -
B w, u, 1) the hyperbolic equation) Uyt VL Y

_

1.

_ the canonical form for
Uy = B 0, 4y Uy 1) (lhe parabolic equation) u, AT S< Y 7[% ) MH)
20 U/ Xy < W 5
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U = & 0, 4 Uy 1) kthe parabolic equation} Uoxcr AU 1M “Mﬂ |

20 U g < W 5+
the canonical form for
+ We look for parameters £ and n that cast the PDE into the hyperbolic form
Uy = D(E M, u, uy, 1)
+ By transformation £E=Exy)
n=nxy)
+ By change of parameters we obtain N B\L \\u x
y=ug tum, —m8 —— M/X:—EDX\)B”’\ %

u
@ u, = ug, + um,
DR Uy, = Ugls + 2ug, kM, + u,mi + uk,, + um,,
uxy b uttgxgy + ugn(gx‘ny + gy x) + unnnxny + uggxy + unnxy
2 2
“yy “eegy * Zuﬁngy‘ny + uvmn)' + utgyy ¥ “n’f\yy

?\\«3 \u\'}_Q A\/\XX-T‘/%U)?\:\ ﬂ*(/\kkj\,ﬁ Q. < = = ~ ~
« Substituting into the original PDE A« + Bu,, + Cu,, + Du, + Eu, + Fu = G
we obtain
Zug,; + Eu“ + Eu“ + Bue + Eu“ +Fu=0G
whereO = AE + BgE, + Cg
= 2A¢m, + B(Em, + §m,) + 2CEm,
6 p—

= A§,, + BE, + C¢, + D§, + EE,
= Awn, + Bn,, + Cn,, + Dn, + En,

Q™ &l Tl O] =i >
|
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» Which results in equations of the form | u

AlEJE) + BlEE) + C=0
A/ + Bln/n) + C=0

* The solutions to these equations are:

-B + VB? = 4AC
[£/8] = N
(characteristic equations)
-B - VB> - 4AC
[ndm,] = >4

* He have three cases:

*+ B?2-4AC >0 :Two distinct values for ¢,/ £, and n,/n,. We can cast the
equation in hyperbolic canonical form.

+ B2-4AC=0 :ONLY one distinct values for ¢,/ £, and n,/ n,. We cannot
cast the equation in hyperbolic form, but can cast in parabolic form.

* B2-4AC <0 :NOREALroots &/ &, and n/ n,. We cannot cast the

equation in hyperbolic canonical form, but can cast in elliptic form. ¥

* ¢ and n are called the characteristic parameters ’ '
(similar to the first ordr PDE)

« By solving the previous page 2" order equation we can find how the contour
lines (constant values) for £ and n look like in (X, y) space.

>

£(x, y) = constant

dt =§edx+§,dy=0

Hence, dy/dx = - (¢, .’Ey]
7 (x, y) = constant

dn=n,dx +n,dy =0
dyldx = - [n./n,)

> X

» A constant coefficient hyperbolic example:

Uyy = 4Uyy + Uy = O

Comments:

Ux term does not contribute to the form of characteristics and PDE type (lower order term)

1\\?3&:1\\]/ s x 41\/\]%4?\(20
Wy Ny = U (Uyy gdd)
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n =y - 2x = constant

£ = y + 2x = constant

N

» Consider the PDE
y2uxx—x2uyy= 0X>0Yy>0

which is a hyperbolic equation in the first quadrant.
* We find the characteristics by the equation

yéi,) 3 v dXx =0 _élﬁézti

dy_B+ - 4AC x
dx 2A Ty
dy_B—\/B’—4AC_x
dx 2A Ty

+ By solving these equations and moving X, y to the RHS we obtain

y? — x2 = constant ) E=y2—x2

\\gfi’x?m ’ n=y2+ﬂ<
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£ = constant (Hyperbolas)

n = constant (Circles)

To obtain the form of the equation in the canonical form

Zu“ + Euh + Eu“ + 514,; + Eu“ +Fu=0G

we compute AE + BLt, + CE

2AEm, + B(Em, + £n,) + 2CEm,
Ani + Bnnm, + Cn}

= At + BE, + C¢, + D, + E§,

= Av, + Bn,, + Cn, + Dn, + En,
=F

. =G

where A and C are zero (why?)

I

Q™ =l 5] A w1 ]

To obtain

=02+ Yue + (0 - X

“en &xzyz

And by solving (x, y) in terms of & and n we obtain:
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* For a second order hyperbolic PDE in the form

f\,uﬁn - ¢(€, M, U, “v u“) Hyperbolic 1st

on %{\vW(\\\‘\X !%wm canonical form

» by the change of parameter

B= B(g;n)=§'n
« We cast it into the 2" canonical form: 4
- Hyperbolic 2nd
Uae — Ugg = V(. B, u. uy. ug) cgr?onical torm u H — < Wy -l
—

Note: In fact for elliptic PDEs by the same form of transformation we can cast
the PDE into elliptic canonical form:

U T UBR = (.‘((.l‘. B.u. Uy, -uj) Elliptic canonical form

For the derivation of this form and the parabolic canonical form refer to lesson
41 of [Farlow, 2012]:

Una = P (aa B, U, U, 'UJH) Parabolic canonical form

Generalize the previous result (2nd order PDE) but instead of only 2 independent parameters, we can have more than 2

» For a second order linear hyperbolic PDE with n independent variables:

i du

E b — +cu+g=0.
o ().l'i

¥.9=1
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The classification is as follows: QQX\U/\QV ‘(\Q,V\AO\I W =\ o ¢ ‘ M

- (H) for (Z =0and P=1)or(Z=0and P=n-1)

- (P) for Z > 0 (< deta = 0) L \}/YB( + v/\{\{ ¥ v/lz 2 0
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The classification is as follows: Xq i/\&, ‘(\QWMM_M“ M W )‘.

-(H)for (Z=0and P=1)or(Z=0and P=n-1)
Vo +Voyy g V1220

- (P)for Z >0 (= deta=0)

-(E)for (Z=0and P=n)or (Z=0and P =0) . % ”\ 4 1C
—(ultraH) for (Z=0and 1< P<n-1) \ /S | \ Q /
‘here QA S < Q\ |
) (O Q \ - 1)
- Z: nb. of zero eigenvalues of a c/ e _’._ <
- P: nb. of strictly positive eigenvalues of a (7( < N \
The alternatives in the (H) and (P) definitions are due to the fact that multiplication by -1 -
of the equation leaves it unchanged. Source: [Loret, 2008]
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Classification of second order PDEs:
More than 2 independent variables

Canonical form after coordinate transformation (refer to Loret chapter 3)

« Elliptic:
n a=diag(1,1,---.1)

Z Up g, + ... = 0. Ai=1 (i<n)

i1=1

* Hyperbolic:

" a =diag(-1.1,---.1) =
Uy ) — Ugp,z, + ... = 0. AM=-1L\N=1 (2<i<n)
i=2
+ Parabolic:
a = diag(0.1,---.1) =
n
Z Up g, + ... = 0. M=0AN=1 (2<:i< .*.’)

Source: [Loret, 2008]
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