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D’Alembert solution of the wave equation

Goals:
» Obtain the solution to the wave equation
« Solution of the PDE using characteristics from the PDE’s canonical form

PDE U, = Cu,, —m<x<® (<t<w>
u(x0) = fx)
1Cs {u‘(x,O) =gy TXSx<®

The solution is,

u(x,t) = % [f(x - ) + fix + cr):| + 5121_“ g(§&) dt
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+ By integrating the second equation we get
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e Assume we want to solve the system of semi-linear first order PDEs,

PDE : a:+ Adq, =s(q.z,t) (la)
IC : q(z.0) = qo(z) (1b)
where
N
q=|: vector of unknown fields
[0
A n x n flux matrix
o]
s=|! source term (can be nonlinear in q
-5”
n number of fields

n-coupled equations. By using eigen-decomposition of A we can decouple them:)
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Procedure for solving .

PDE : q:+ Aq. =s(q,z,t)
IC: q(x,0) = qo(x)

e Step 1: Solve for n left eigenvectors 1" eigenvalues \; of A
I'A = \'I'" (no summation on )

And form left-eigenvalue matrix L = [I! ... 1"]T, A = diag(\1, -+, An).



e Step 2: Define characteristic values, and corresponding source terms, and IC

Characteristic variables w=Lq =
Source term vector s“(w,z,t) = Ls(L'w, x,t)
IC w(x,0) = wo(x) = Lqo(x)

Solve n-decoupled first order PDEs in w;

PDE: w;;+ Aw; , =s¥(w,,t) : a .
R y i < . 3
IC - )= G ) t <n (nosummation oni) (4)

Note: If the source term s(q, ,t) explicitly depends on q equations for w;
are coupled through the source term s* but we still have n characteristics and
the solution is simpler in this space.

e Step 3: Once the solution w(x,t) is obtained we solve for q(r,t) from,

q(z.t) = A w(x, t)

Example 1:
Elastodynamic problem in 1D:

Example: 1D elastodynamics problem sess

Example: Consider the solution to 1D solid mechanics problem corresponding to
the conservation law o, + pb = p; where o = FEe is stress, p is density, b is body
force, p = pv is linear momentum, € = wu , is strain, v = u, is velocity, and u is
displacement.

To solve this problem as a system of first order PDEs we follow these steps:

e Write equation of motion in conservation law form,

Pt—0z=pb (5)
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Step 1: Solve the eigen problem for A
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