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Sample Riemann solution: Acoustic equation 31

1.5.4.4 Importance of impedance Z: transmission and Reflection Coefficients

e We observed that if Z! = Z" the Riemann solution (E) reduces to that of the same material on both sides @)‘

This implies Riemann solution only depends on Z not individual K and p values.

In fact, by solving a Riemann problem with a right-going wave, we can find out how much of the wave is reflected from the
interface and how much is transmitted. These values only depend on Z' = 77,

For example for a right-going wave with pressure value of p,, Crpy is transmitted and Crp, is reflected. That is, after
reflection the new pressure in the left region (region that the wave originates) is Cppy and in the right region the pressure
would be Crpy.

e The transmission and reflection coefficients for pressure field in acoustic equation are,

- 27" Zr -7}
Ci=iil Vo b (18
A e T )
We observe when Z” = Z' (impedance matching) C'r = 0 and no wave is reflected. That is, the interface behaves as if the

same material is on both sides even if K, p are distinct.

1. PDE type classification and analytical methods: 1.5 Riemann solutions: linear and nonlinear hyperbolic PDES
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o Conversely, when Z™ = Z' (impedance mismatch) Cp # 0 waves get reflected from the interface.
e That explains why we call Z impedance which is the impedance to wave motion.

e For more information refer to [LeVeque, 2002] “§9.8 Variable Impedance” and “§9.10 Transmission and Reflection Coeffi-
cients”.

e Figures below ([LeVeque, 2002] Fig. 9.4) show a case where K™ # K, p™ # pf yet since K™ = K' no wave gets reflected.
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Fig. 9.4. Right-going acoustic pulse hitting a material interface (dashed line) where the sound speed
changes from | to 0.5/but the impedance is the same. Left column: pressure. Right column: velocity.

[claw/book/chap9/acoustics/interface]
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Fig. 9.5. Right-going acoustic pulse hitting a material interface (dushed line) where the sound speed
changes from | 0 0.5 and the impedance changes from 1 t0 2! Part of the wave is reflected at the inter-

face. Left column: pressure. Right column: velocity. [claw/book/chap9/acoustics/interface]

Finite Difference (FD) 30

2 General solution schemes in space (or spacetime)

2.1.1 Finite Difference (FD) operators
e f(x) scalar function of z (either space or time).

e We define the following difference operators (with spacing h)

._\:.[f](r) =flx + h) - f(z) forward difference (19a)

Viulfl(z) = f(z) - flr - h) backward difference (19b)
h

oulfl(x) = flx + 7) —flx-3) central difference (19¢)
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In Finite Element methods we can increase the order but the communication is always between the element and its immediate neighbors (through
nodes in CFEM, edges in DG), but in FD the stencil expands by increasing the difference accuracy.

¢ In general n-th order forward, backward, and central differences are written as,
a" "[fliz
—Jri.rl M + O(h) where
arm hm
An[fl(x) ZI II'(T)IU- (n—1i)h) n-th order forward difference
af Vilf
el @)
o D) X O(h I
Vilfl(z) S( 1)' (’”) f(x — ih) n-th order backward difference (24b)
o) on Ul )h?) I
h»
i lf1(x) Y 1) (”)[\‘.r Hh) 1 order central difference (24c)
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2.1.2 Sources of error

e Truncation (discretization) error: This is the error of the form O(h?) which is due to discretization of differential operators
with order of accuracy p. The error decreases as h ™, or p /.

e Roundoff error: This is due to finite precision calculations in computers, where 1+ ¢ — 1 for € being the machine epsilon. For
FD f(x + h) — f(z) takes the form (1 4+¢) —1=1—1= 0 for small enough h.

S\;»\\( ?VQ(W\’/\

Finite Difference grids for spacetime

2.1.3 Finite Difference grids
e FD grids can be nonuniform and be constructed for 2D, 3D At
problems. We only discuss the uniform grids, although ex- A
tension to nonuniform grids is relatively trivial. e e e
e For 1D x time problems the following notation is often used: I (S -
Spatial size: h (or Ax) ' '

Temporal size: k (or At) —2&%\ \< g

Temporal to spatial ratio A := £.
e In 2D and 3D h., hy. h. (or Az, Ay, Az) are used.
e The FD difference notation is, o h 4

u™ = u(mh,nk) (25)

Finite Difference schemes for solving advection equation:
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e We can discretize with the following explicit schemes (v is used for discretized solution),

n+l g
l‘l” .
' [k U QW4
n+l _on no _ “Um
Ym P U +u"’”"l Ym _o forward-time, forward-space m-1@ ; (27a)
4 1
Sample 1D explicit FD schemes 50
41
®Um
n // ks
v v sl
n+l _ an " m—1 m ( m41
i k I | gim W m=l — () forward-time, backward-space s ° ° L4 (27h)
gyl
Un

"

p" +1 _ i pn —" ) _
s m 4 gl m-l =0 forward-time, central-space (27¢c)

I 2h

i.:-HI. _ l [E'" .+ pn pn —yn . .

us & I' ! me1) + gl o7 m-! — () Lax-Friedrichs (27d)

; 2h

vpt —vat | vh —vA
+a — =0 leapfrog (27e

2% oh PIog )

o Multistep schemes: If for the value of v),"" more than time step n are required we call the scheme multi-step. For example
leapfrog scheme is multi-step.

e We cannot directly apply multi-step schemes to compute first few time step values (e.g., v}, for leapfrog scheme.

e Solution for the first few steps:

).

It is assumed first few step values are given (which in turn should be initialized with another method).

First few steps are solved with with a single step approach, e.q., (

Sample problem for FTFS
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2.1.8 Examples for explicit methods

-

[

o

. Domain of computation & grid size:

. Consider the advection equation uy+a(x,t)hu,=0.
. A Right-going wave with constant speed a is chosen. That is, a(z,t) = a > 0.

. We use a step function initial condition; cf. (26b),

1 <0
WE)=19 >0

(a) Computation domain: x € [-3, 3].
(b) FD grid size h =1

So, there will be 7 grid points from point 0, 1, ---, 7, corresponding to r = =3, =2, --- , 3, respectively.

. Boundary Condition(s) (BC):

(a) First order PDE in space = only one spatial boundary condition.
(b) Right going wave, BC is specified on the upstream of waves @ r = —3. BC is u(x = -3,t) = L.
(c) No BCs for r = 3 for this 1" PDE. (Discussed further below).
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