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From last time
2.3.4.1 Continuum weak statement (WK)
—_—

The weak statement for elastodynamics and the boundary conditions are:

Find ue V= {veC (D) | vx € dD!, v(x) = u(x)}, such that,
YweW={veC'D") | Vx € 8D}, v(x) =0}, VteT*

/ [pw.ii + aw.i+e(w) : o(u)] dv = / w.pb dv + / w.tds
JD JD JoD,

— Both V and W ha egularity (C™(D)): m = M/2, M = 2 is the order of the differential equation

~ The lens demandiz ular nditions for the solution compared to the we ,J «d residual statement (C™ (D)
function spac | l f tt l 1 l aw (highest derivative is for o(u) = C, Uk | is l)

— Both V s exactly enforce the essential boundary conditions, with the di !f that W satisfies the
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e Discrete solution function can be written as (cf. (139), (140), (141)),

uh(x.t) = u/” + uPh(x, t) (142a)
_Z S (N (x) + Zu (t)NP(x) (142b)
= \ a (142c)
where
N=[N/ Nr= [.\'{ o NLOIND N:,;p] 3 x n array (143a)
lr-ir
a= |: I_j| = |- n x 1 array (143h)
a’
af
aPf
LG, ]
llh(x.t‘} 3 x 1 array (143c)
n=mng+n, total number of dofs (143d)
Notes:

Unknown quantities, a/ are shown in this color. There are n;y unknowns in a.

2.3.4.1 Continuum weak statement (WK)

The weak statement for elastodynamics and the boundary conditions are:

FindueV={ve CY(D') | ¥x € aD!, v(x) = u(x)}, such that, (138a)
YweW={veC'(D") | ¥x €dD! v(x) =0}, vtI' (138b)
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The factor of 2 in Voigt shear "vector" is for a) s.gamma being 2 times strain energy density b) getting a symmetric C Voigt when material is hyperelastic



The factor of 2 in Voigt shear "vector" is for a) s.gamma being 2 times strain energy density b) getting a symmetric C Voigt when material is hyperelastic
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F, +Fy ~-Fp ODE where
Initial condition (IC)

Source term (body force) force vector
Natural (Neumann) BC force vector

Essential (Dirichlet) BC force vector

Siedie g o

Ass matrices

o/’ / aN/TN/ av,
D

clr = / n.\'” N? dv Damping matrices
D

K/ - /B"('B'd\-.
JD

K/? = / B/ : CB? dv Stiffness matrices
D

Often |, (‘153?.] are written in the short form,

Mi+Ca+Ka=F,+Fy-Fp ODE  where
alt=0)=a,, a(t=0)=a, Initial condition (IC)

(153a)
(153b)
(153¢)
(153d)

(153¢)

(153f)

(153g)

(153h)

(154a)
(154h)

where for short the superseripts for free dofs is dropped knowing that free and preseribed dofs are handles according to (153).

We already know how to do assembly. All terms (M, C, K, Fr, FN) can directly be formed with similar formulas at the element level and assembled to

the global system.

For FD we do the calculation at the element level
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e As we will see through the following example, we actually DO NOT form M/?, C/r K/7 directly, rather computing their
corresponding values from elements and assemble their effects to global force Fp. Local versions of Fp is
fp = M“a° + C°a“ + k®a° (155)
where a“ is the local displacement vector of element formed by
1. Hav ralues for free dofs.

2. H-‘i\'i.]ILI ribed values for prescribed dofs.

Damping matrix

\ f
Nzgpﬁ“ww C ij/vf Ny

Iy Ainenfi1ng

%/@W\,\QJ v )f o~ CDV\’OV\/X

2 ndv O LN
Moe g sty O

=

() = POV o caded

= ol el
\Qﬂ Ea R




N ous ﬂ’ﬁ?ﬂ’»ﬁ

e Rayvleigh damping matrix, generalizes the formula for C from @@ by basically adding a coefficient of stiffness matrix. That
is,
C=aM+ K (156)
Justification for a is as before by modeling the equation of motion as in (@ that is pb — pb —av and getting @
which is,
l:) —V.o+av-—- pl) =0

Justification for 3 is modifving equation of motion in the form,

o =C(e+ 3) (157)
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