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2.3.9 Stiffness and mass matrices for 1D elastostatics
e Shape functions are given by,

N¢ = [Nf N§] where /\\D) EENARANIN

Tisy — T = T - T;

where p is mass density and m® = ALp is the mass of element. Note that,

The sum of components of M¢ is equal to m®.
The mass matrix is NOT diagonal.

As we will see this results in NON-DIAGONAL global level mass matrix.
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There is a systematic way to come up with diagonal mass matrices

2.3.10 Lumped mass matrix Fi

Q.

What is we use a quadrature scheme that only samples on the nodes of the element?
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We needed 3 NC points to exactly integrate M but for mass lumping we

use only 2 points (only the nodes of the elements) Of(JDJ( f) Q \M
?\f\ Mo b
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In mass lumping we basically integrate M with about half the order of accuracy needed for its integration and this enables obtaining a lumped-mass
matrix.

e For even higher order (p) bar elements, unfortunately using uniform distant internal element nodes at L/p positions and
quadrature points corresponding to those points limits the order of accuracy in which the mass matrix is integrated.

e This in turn affects the FEM solutions convergence rates for the nodal solution U and other solution features such as modal
quantities; ¢f. §3.1.7]
e To not sacrifice the order in which the element mass matrix is integrated we do two things:

1. Choose the two end point of the element as two of the quadrature points because we have no freedom in changing the
position of the element end nodes.

2. Similar to Gauss quadrature formulation we optimize the position of high order element nodal (i.e., quadrature) positions.

e As a result the corresponding quadrature scheme with these optimized points will have sufficient order of accuracy and the
FEM solution convergence rates are not affected.
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e The optimized scheme of quadrature points that include the end points is called Lobatto quadrature

e For more information refer to Section 7.3.2 [Hughes, 2012].

For high order CFEM mass lumping put node locations (in parent element) on Lobatto points.

2.3.11 Example for the assembly of global matrix systems
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with lumped mass matrix (171b) we would have got
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3.1.1  Modal analysis: Motivation
o We are interested in solving the system
MU
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3.1.2 Modal analysis: Natural modes
e Modal analysis f:

and frequencies
wilitate an finding appropriate choice for P.
o Consider (174) but without the damping term,
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e ¢ is an n x 1 vector called mode shape or natural mode which captures the shape of vibration.

e w is the natural frequency.

e Substituting (178) in (177) we obtain a generalized eigenproblem,

K& = w°Na (179)

e The eigenproblem ( vields n eigen solutions,
(Wi, @), (w3, D2), - , (W2, P,) (180)

e The eigenvectors (mode shapes / natural modes) are M-orthonormalized,

, i=j

BINFT= 5 «l»,'.\ltl%_ (181a)
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