
Overview from last time:

A definition of a vector can be an n-tuple 
(size = dimension) that follows 
coordinate transformation rule.
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coordinate transformation rule.

Vector Space1.
Generalization of some of these ideas:

Vector space is a commutative Group with a scalar 
product operation.

Group:

------
What is a vector space?
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Examples of vector space:

Vectors in 1D, 2D, 3D (where the name comes from)
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In TAM551.pdf there are many proof 
examples related to vector spaces

Definition of vector spaces in TAM551 
(pages 23, 24) - same definitions mentioned 
above for vector space
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Additional note (FYI):
The scalars come from a field
Field is mathematical structure where a 
set has addition and multiplication 
properties listed at:

Field
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https://en.wikipedia.org/wiki/Field_(mathematics)


Real numbers and complex numbers 
form a field. We often use 

REAL vector spaces where the scalars are 
real numbers, but we can also have 
complex vector fields.

Inner product:

Inner product is a function that takes 
two (general) vectors (a member of a 
vector space) and has the following 
properties:

1.
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We covered the same properties before 
for vectors in 2D and 3D and actually we 
proved 1 to 4 there. But inner product is 
more general and can be defined for 
metric vector spaces (i.e. vector spaces 
that have inner product)

Examples of other vector spaces and 
inner products:
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These functions form a vector space:
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More difficult question

V = L2([a, b]) in fact is a metric (inner 
product) vector space, meaning that it 
has an inner product defined for it.
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You can prove the other 3 properties 
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You can prove the other 3 properties 
similarly!
Hint: for property 4, assume function is 
also continuous

If v and w are vectors in 2D or 3D we 
had:

Can we prove this identity in general?
Can we define magnitude in general?
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Can we define magnitude in general?
Can we define angle between two 
vectors in general?

Easy part: 
Definition of magnitude:
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Inner product inequality:
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Now that we know this, we can define 
angle between any two members of an 
inner product vector space

Why does this makes sense?
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Why does this makes sense?

We used        in actual vectors but for 
arbitrary vectors (e.g. functions) we still 
can define angle.

HW: one is in HW1 that you need to return?
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Why if f and g are square integrable so is 
f + g

Hint: use inequality above

The answer is previous question

Norm

   CM_F17 Page 18    



V is a vector space, and norm 

If 

Q: What is we have an inner product? Is 
it a norm vector space?
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An inner product space is a norm space 
(where norm is basically magnitude 
implied by inner product)

BUT THE INVERSE DOES NOT HOLD.

You can have a norm space that is not an 
inner product space. Basically we cannot 
define inner product out of a norm 
(whereas we could define a norm out of 
an inner product)
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Functions with 

Is a norm space but not an inner product 
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Is a norm space but not an inner product 
space.
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