
Tensor fields:

A tensor field is a function from Cartesian 
system to tensors. The tensors can be 
scalar, vector, second order tensor, or 
even higher.

We use tensor fields in balance laws, 
kinematic equations, etc.
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kinematic equations, etc.

Many times we deal with derivatives of tensor fields
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Continuity notation:

Means that each component of the 
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Means that each component of the 
tensor has n continuous derivatives 
w.r.t. all coordinate components

these values exist and are all continuous 
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Definition of partial derivatives:
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This is a generalization of partial 
derivatives for scalars which we are 
familiar with

Let's say we have a Cartesian coordinate system, we 
want to define gradient of a tensor
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How do we know if T is a tensor, it's gradient is 
also a tensor?
I'll show this for a second order tensor
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So T is a tensor so it its gradient

Anything that follows transformation 
rule is frame-independent (objective), 
that is it has physical interpretation 
independent of the coordinate system 
used to express it.

1.

If we have partial derivative w.r.t. one
coordinate system, we have partial 
derivative in any other coordinate 
system.

2.

Consequences:

That's why if we show for example ui,j 
exist and are continuous for ONE 
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exist and are continuous for ONE 
coordinate system, they exist in any 
other coordinate system

That's why we can define Cm continuity 
conditions mentioned before

What are some of the uses of gradient, 
divergence, curl, …
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Some useful theorems:

Divergence theorem:1.

Also called Gauss theorem

Curl theorem (or Stokes theorem -
which in fact is more general)

2.
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Curvilinear coordinate systems:

Curvilinear systems:

Please refer to (ref1) Appendix C of http://geo.mff.cuni.cz/vyuka/Martinec-ContinuumMechanics.pdf

(the text is in zip files sent to you in

Continuum References_Curvilinear\Martinec_Zdenek_Charles_U_Prague_Martinec-ContinuumMechanics.pdf) -

Refer to (ref2) http://homepages.engineering.auckland.ac.nz/~pkel015/SolidMechanicsBooks/Part_III/Chapter_1
_Vectors_Tensors/Vectors_Tensors_14_Tensor_Calculus.pdf

-

(shared with you in the same same zip files)

for a discussion on the meaning of grad operator.

For your information (beyond the class) This is an excellent reference on curvilinear coordinates in general:
http://www.mech.utah.edu/~brannon/public/curvilinear.pdf

------

Notations:
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We are given the change in coordinate 

We want to obtain the change in tensor value 
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Derivative maps change in position to 
change in function value.

Gradient does the same thing, but in d= 
1, 2, 3 and for any tensor order
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Do it yourself:
For a vector v = v1 i1 + v2 i2 + v3 i3
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Grad in cylindrical coordinate system

   CM_F17 Page 18    



   CM_F17 Page 19    



   CM_F17 Page 20    


