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Recall that any 2nd order tensor can be decomposed to its symmetric and skew-symmetric parts:
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Today's focus will be on symmetric 2nd order tensors
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Eigenvalues and eigenvectors
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Assume T is n by n and has n distinct and linearly independent eigenvectors?
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Are all 2nd order tensors diagonalizable?

- If a matrix has n distinct eigenvalues their corresponding eigenvectors are linearly independent
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- Matrix may not be diagonalizable if it has repeated eigenvalues
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Jordan form

Eigen-analysis for symmetric tensors
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Example, a symmetric matrix in 3D:
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These properties hold for Hermitian matrices: https://en.wikipedia.org/wiki/Hermitian _matrix

Some properties of symmetric matrices:

1. Eigenvalues are real

2. Eigenvectors are normal for distinct eigenvalues
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In fact, we can make eigenvectors orthonormal
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https://en.wikipedia.org/wiki/Hermitian_matrix
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What happens when eigenvalues are not distinct

For symmetric matrices even if we have repeated eigenvalues the matrix is diagonalizable and we can choose n (dimension of
matrix) orthonormal eigenvectors.
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Unique directions for u(1), u(2), u(3) and then having these
Normal eigenvectors we can normalize them

=

P Yy - 3\; W) No Sumedits) N

RORRSTRAS




Ws\\k&
/27\ X\LK’L&' \3 :\A

A
- - x\ - A
NIt [ x\

A

How to calculate eigenvalues of a symmetric matrix in 3D?
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Cayley-Hamilton equation:
Or characteristic equation of the tensor:
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We call I1, 12, 13 the invariants of a symmetric second-order tensor

If we have a function of a second order tensor that is objective (does not depend on coordinate frame) then it can be written in
terms of eigenvalues of invariants
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Related theorem 9
Cayley-Hamilton theorem 6
A matric satisfies its characteristic polynomial
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Representation of symmetric tensors
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The figure shows eigenvectors and eigenvalues of \ /\,\ O\” B
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Skew-symmetric part does not contribute

Positive definite tensor T satisfies the following property:
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Because of (*) we only need to work with symmetric tensors (i.e.
symmetric part of a tensor) when talking about positive definiteness
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