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Linear Operators <-> second order tensors

A linear operator L, is a function from vector space V to vector space W that satisfies the following two properties:
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I'here is one remaining point to consider before proceeding on to second-
order tensors. That is, the inner product allows us to interpret a (Euclidean)
vector as a linear operator that maps a vector into a real number (scalar)
In fact, this is the defining property of a first-order tensor, and vectors
are indeed first order tensors. To illuminate this point, let V be the set of
all vectors in some Euclidean point space £ Now consider a specific vector
a € V, where the overbar indicates that we hold a fixed. We can define a
function f5 that maps a vector into a scalar by taking the inner product of
a and any vector b € V. That is,

fa(b)=a-b
A review of the properties of the inner product shows that fg is indeed a
linear operator, In fact, the Riesz representation theorem states that every
linear function on V to R can be represented in this fashion (by varying our
choice of the fixed vector 4)! We use a similar approach in the next section
to define second-order tensors as a special class of linear operators

TR A~ | c') N
4 £z |
X 3 )
\%av{df v@:“\)'\’é

L ))«a IR i Pk
’TJQ L () = s Lq = Q.

. .
8 = O&b' Q! | =V ¢
VW Q}\PM‘m '
CoL |
{ \ . @ \/ Qj\“,onm’m \
Lq(\/\ < b@;) (\/)Q,)‘) - ooy R veyS

O\ta \/5 fa/ «a-e«wtp
(.j .\’M’J
Ly mebrc i adrix

W & e o Wi

oo e A Do Ron
(Ve-—}IE) ey 2 pas e’.l’df ‘--.J{f‘ Ahare

CM Page 4



. vecky’ ‘“‘V
v ' \
Q(Qj) - g“J* o, (0) - @t(e?):o/,~~6'cﬂﬂl:0

'\{ AT have o e donchwd L p\j}k

we  can  ex er,&S F{ UMY J(WW* WO\\/S

- L <4.v - Qv&yd 12%

o LW = (Lo g o < vy
Woﬂ\%
53

bm( 0}” ;ZijY ﬂ\ﬁ%

(QLQC)( Ve;) . Nﬂ,w)e(e)‘) :Q_VJ 53 W}

‘QF/GWJ«% ﬁT I NMJU\

S 6V)€J;<\9°J' ‘ZLJ @L©€) 4" @®Q Q,@PJ

For the rest of the course we won't distinguish between up or down indices, dual basis and space and actual vector space (and its basis)

For orthonormal basis, there is no fundamental difference whether to use up or down indices.

3,1 A 2 7,
QiT) 2 VY RuT)u)= Susiu
\3 S Va0V = A (S
b, 0@ -0y

o




We can show the space of linear functions is a vector space itself!
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We can prove all of these for linear

k operators by going through super boring
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Definition of dyadic product: x

For vectors u, v in V, dyadic product is an operator from V ->V defined such that
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