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First, we need to show that dyadic product is in fact a linear operator
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Theorem 51 Let T € Lin V with components T;; w.r.t. the r.C.c.f. X, and
let u,v € V with components u;,v; w.r.t. X. Then

Tu =v & Tju; =v;. \}; Tw\
Proof. Suppose Tu =v. Then :
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i+ v (components of v ),

Il
o]

i+ (Tu) (supposition),

i - [(Tuer @ e;)u] (component representation of T),

i [T (er @ e)u] (defns. of tensor + and scalar mult. ),
s+ [Tw (er - u)ex] (defn. of @)

i - [T (wey)] (components of u),

I
o

|
o)

= Twu (e; -ep) (distr. and homog. of - ),

= Tuwdy (orthonormality of base vectors),

= Tyu; = T;u; (property of 6, and labeling).
Tu = v=Tu; =,

L ]

\
Matrix is the component expression of a 2nd order tensor in a h¥ UN
particular coordinate system.
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How about 2nd order tensors?
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If Tis a second order tensor, then its components are transferred between two coordinate systems as,

I

L
Qa 2/
.
The inverse, if the components of 2 index array follow the coordinate transformation -
above, it's a 2nd order tensor .
Theorem 53 Let there be a set of nine real numbers associated with ev-
ery r.C.c.f. in a three-dimensional Euclidean point space £. For erample,
consider the sets {X,e;.T};} and {X',e;. T,;} where X and X' are arbitrary
frames with respective base vectors e; and e,. Then 3 (“there exists”) T €
Lin V given by T = Tjje; @ e; = T",(‘: 2 (-/I iff the two-index symbols T;; and
T,'l satisfy the transformation rules
T‘J = /\,‘.J\V,/TA./Z T,J = «\;..,,\/JTH.
for all choices of {X,e;,T;;} and {X‘,v:.T,,’ }. where \;; are the cosines of -Q}/\% 3W NS
the angles between v: and e;. 7\

Example of a 2-array that is not a tensor

X
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Transpose of a tensor
Transpose of a second order tensor T is defined as
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Some properties of transpose:
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Some definitions related to symmetry:

Symmetric tensor :

T_T Ty =Ty
N s
%VM - { TQL)V\ \ TJ( T/

Skew-symmetric _Q

Teor
S (e | T

Any 2nd order tensor can be written as the sum of a symmetric and skew symmetric tensors
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Theorem 61 Let S, T € Lin V. The rectangular Cartesian components of
the product ST w.r.t. a given r.C.c.f. {X,e;} are

(ST),, = SuTk;,

ij

where Sy. and Ty; are the components of S and T. w.r.t. X.

Proof. According to Definition 28, the components of ST w.r.t. the frame
{X, e;} are given by

(ST).‘,' =

o n
e 0o

e -(ST)e;
;- S (Te;) (definition of tensor product),

(]

e; - S(Te;), er (component form of vector Te;),
;- S[ex - (Te;)] ex (Theorem 36),

i+ S (Tyyex) (Definition 28),

i+ (Ti;Sex) (linearity of S),

Tyje; - Sey (linearity of inner product),

Ti;Sir = S T; (Definition 28, properties of R). B
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