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Definition 87 A motion of a body is a family of deformations ordered by a
single real parameter called time, denoted t. We introduce a reference time t
assoctated with the undeformed state of the body."" Then a motion is denoted
by
{£(-. 1)} .t € [ty,00),
where
y = f(x.t)

is the position vector at time t of the material point identified by the position
vector X in the undeformed state at time to. A motion inherits all the required
properties of a deformation, except that the numbered properties in Definition

)

72 are superceded by the requirements

1. f(x,1g) =x;
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Theorem 143 Let {f(-.t)} be a motion. Then

J(x,t) >0 on [(é x[l‘,. 00).
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Proof. Our definition of a motion requires that for any fixed value of ¢,

0
the mapping f(-.t) is a deformation on B . Therefore, f(-,t) is invertible =

0
its Jacobian determinant J(x,t) # 0 on B x[ty, o). Since J(x,t it he a
continuous function of both position and time, the requirem

0 -
on B x[ty,o0) = either J(x,t) > 0 or J(x,t) < 0 everywhere on B x [ty, 00).

At t = ty we have
f(x,t0) =x = fij(x,to) = dy;.

Thus,

J(x,t) = detF(x,tp)
det [fi;j(x,to)]
det [&
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Definition of velocity:
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Our goal is to relate the material rate (DT/Dt) (fixed x) to spatial rate (partial T/ partial t)
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We want to show the following,

DT _ 0T DT;,... OF;,.. ot}
— + gradTv ! ' . ! J . i
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\ GradT = gradT.F iy in _ iy i Fy; (2b)
Ox; s
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£ (2¢)
n %\N % O, dy;

Note that Div and Grad equations can also be written as,

oT;,..., 0T,

15 -1 “in ga—1 ™~
gradT = GradT.F o oz, ’Jk (3a)
‘ , Ny N T, ...
Div(JTF~T) = JdivT ' L I {” n (3b)
O Oy;,,

U Ef/(; U\ \&N\‘ A 7 <§@( L\ omg\

Dé;/:9 PR
= |

m m)gw\zg { 0\\-@

VY D@W

ot DA

From the equation sheet:

ot
M = trace (dl—AA_l) det A« any argument (dependency) of A such as time ¢
da
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The velocity gradient tensor is defined as the (spatial) gradient of the velocity field:

) dv i
L(y.t) = grad v(y,t) = —(v.1) (3.16)
dy
where we have now omitted the “overline” on v. In terms of components in an orthonormal
basis,
dv;
L;=—. (3.17)
dy;
Note the useful fact that
tr L = div v. (3.18)

On using (3.4), (3.3); and (1.17) we find

" o
- :T{ (Grad y(z,t)) = Grad (%{m)) = Gradv = (gradv)F = LF.  (3.19)

This leads to the following useful expression for L:

L=FF. (3.20)

The stretching tensor (or rate of deformation tensor) D and the spin tensor W are
defined as the symmetric and skew-symmetric parts of L:

D=3L+L"), W=3L-L"), (3.21)

clearly the stretching tensor is symmetric, the spin tensor is skew-symmetric, and their sum

equals the velocity gradient tensor:

D =D" W=-WT and L=D+W. (3.22)
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This is incorrect and will be explained further next time
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