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For solid mechanics, often the Lagrangian coordinate system is used. The exception can be problems with
large deformations and deformation gradients for which an updated Lagrangian is favored. For solid mechan-
ics without other effects (e.g., fluid flow through the pores, etc.), the balance of mass automatically satisfied
from (31). In the absence of other physics couplings, the balance of energy is also directly derived from the
balance of linear momentum. Thus, the only relevant equation will be the balance of linear momentum (36),
which expressed for Y = X is,
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1.4.2  Fluid mechanics: Navier-Stokes equations

For fluid mechanics, the balance of mass , balance of linear momentum , and balance of energy are combined
to provide the Navier-Stokes (NS) equations in the Eulerian coordinate system,

dp

s +V,.-pv=0 Balance of mass (continuity equation) (39a)
dpv ; . .
Fm +V,.-(pv@v—0)=pb Balance of linear momentum (equation of motion) (39b)
oF
'y +V, - (Ev+q—-v-0)=v-pb+Q Balance of energy  (39c)
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Traction and stress tensor:
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3.4 The Cauchy Stress Tensor

0
We again consider a body B undergoing a motion {f(-,¢)} in response to a
system of forces.
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Figure 3.3: "Pillbox” for Cauchy’s Action/Reaction Lemma

Theorem 154 (Cauchy’s Action/Reaction Lemma) For any given unit
vector u,

t_u(yt)=—tu(y.t) ¥V (v.t) €S.
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Please see this for the complete proof in 3D
Theorem 155 (Cauchy’s Theorem on the Existence of the Stress Tensor)
3 a unique second-order tensor field T on the trajectory 3, 3 ¥ unit vectors
u,

tu(y,t) = T(y.t)uV (y.t) €.

Figure 3.5: Tetrahedron of altitude h located at z € B,

Constitutive equations

Elastic material:
We postulate that stress tensor just depends on the current state of deformation gradient F
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So, the goal is to relate a constitutive equation written with respect to one
reference time to another one.
100 CHAPTER 4. ELASTIC RESPONSE
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Now that we know how to relate constitutive equation from two different references, we can use objectivity to simplify
the constitutive equation

4.3 Principle of Material Frame-Indifference

This section explores the notion that material response is invariant under
(indifferent to) superposed rigid motions and shifts in the origin of the time
scale. Only invariance under superposed rigid motion is relavent in the con-
text of elasticity theory which does not include memory effects. We begin
with the notion of equivalent motions.

Definition 110 T'wo motions of a body, {f(-.t)} and {t (~.()}. are equiv-

alent w.r.t. material response if they differ by a rigid deformation for each
t € [tg,00); i.e., 3 functions ¢ : [tg,00) = V and Q : [ty,00) — Orth Y+ 3

f'(.\'.t) =c(t) + Q(t)f(x,t) V (x.t) € L';’ X [t(..x).
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Figure 4.3: Relation between normals for equivalen
Figure 4.2: Surface tractions from equivalent motions
) )

| want to show that the * (outside) observer, sees the normal
vectors rotated by Q(t)

I owse
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Figure 4.2: Surface tractions from equivalent motions
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