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Last time we observed the relations below between two observers
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Now, we use this objectivity equation to restrict the form of G:
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Theorem 173 If the elastic constituitive equation
T(x.t) = G(F(x,t).x) (4.1)

is consistent with the Principle of Material Frame-Indifference, then it can
be written in any of the following reduced forms:

T(x,t) = R(x,t)G(U(x,t),x)R*(x.1); (4.2)
T(x.t) = F(x.t)G(U(x,t).x)F(x,t): (4.3)
T(x,t) = F(x.t)G(C(x.t),x)F(x,1); (4.4)

: (
where G : Psym x L;‘—- Sym and G : Psym x L‘;‘—- Sym

Conversely, an elastic response function written in any of these reduced
forms is consistent with the Principle of Material Frame-Indifference ¥ choices
of G, G and G.
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é Qg QJ(/ @ and how this equation is related to coordinate transformation
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Objectivity for any tensor

objective, taking the matprial time derivative of T* = QTQ7 leads to T = QTQT +
aTe’ + QTQT and so T is not objective (except under Gallilean transformations where
Q is time independent). However, as was shown in one of the problems in Section 3.6, the
co-rotational derivative of T defined by

A .
T=T+L"T+TL.

is objective. All of the following quantities, each of which has the dimension of stress rate,
can be shown to be objective:

A )

T = T+-LTT+TL Convected rate,

v ) .

T = T—-LT-TL! Oldroyd rate,

'i‘ = T-WT+TW Co — rotational or Jaumann rate,
T = T+TQ-QT Green — Naghdi rate,

a AV

T = %(T—T):DTﬂl—TD:

These are objective rates of stress
(finite strain dynamic or hypoelastic materials)
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These are objective rates of stress
(finite strain dynamic or hypoelastic materials)

4.4 material symmetry; Isotropy
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Any multiple of 90 degree rotation here does not change the geometry => the constitutive equation does not change
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What is the condition that the two references have the same initial density for
material?
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A second order tensor whose determinant is 1 is called a unimodal tensor

i -

Examples of maps that preserve density:
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Inviscid fluid only have pressure and pressure does not change as long as we don't change the density.
This is the rationale, why in determining the symmetries of the stress constitutive equation, we allow unimodal transfers between two
reference coordinates, because for inviscid fluids this is in fact the right space
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We limit ourselves to g's such that det(grad g) = 1 (unimodal transformations)
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Definition 112 (Noll, 1958) Given an elastic body and a reference config-

0
uration that corresponds to the region B, the material symmetry group at the
material point identified by x in the reference configuration is the set

Msg = {H € Unim V*:G(FH,x) = G(F,x) V F € Lin V*}.

X N

Again. it shonld be emphasized that the material symmetry group is char-
acterized by tensors H that correspond to the gradients at x of deformations

not the deformations themselves. This is because the mass density and the
elastic response function in the second reference configuration depend only
on the gradient of the connecting deformation. Also, note that H € Msg_ is
not a tensor field, but rather the value of a tensor field at x.

The following theorem presents a property of all orthogonal elements of
Msg, that derives from the Principle of Material Frame-Indifference.
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