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2nd order PDE in terms of 2 independent parameters
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£(x, y) = constant
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7 (x, y) = constant
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Example:

A constant coefficient hyperbolic example:

Uyy = 4y + Uy = O
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n =y - 2x = constant

§ = y + 2x = constant
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Equations for characteristics:

@_B+VB1—4AC
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y £ = constant (Hyperbolas)
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n = constant (Circles)
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2nd order PDEs with more than 2 independent variables:
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- (H)for (Z=0and P=1)or (Z=0and P=n—1)
- (P)for Z >0 (= deta=0)
- (E)for (Z=0and P=mn)or (Z=0and P =0)
- (ultraH) for (Z=0and 1 < P <n-—1)
where
- Z: nb. of zero eigenvalues of a

- P: nb. of strictly positive eigenvalues of a
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D’Alembert solution of the wave equation

PDE u, = cu,, —o < x < ® 0<t<
u(x,0) = flx)
- {mmm=gu) R e

The solution is,

xX+ct

u(x,t) = % [f(x -ct) + fix + cr)] + z—lél[hﬂ g(&) dk
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» The characteristic parameters E=x+ct

n=x-ct
cast the PDE into its canonical form

v‘% JCYL()(X‘O :’7 u‘f’? =0

u(€m) = P(m) + W(§)

WA = b (k] o)
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u(x,0) = g(x)
u(€m) = P(m) + W(E)
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ICs {u(x,O) = fix) —x < x < oc}
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u(€m) = P(n) + W(E) /

b(x) + Y(x) = flx)
—cd'(x) + cl’(x) = g(x)

« By integrating the second equation we get
d(x) + U(x) = f(x) [
—cd(x) + cb(x) = f 8(§) dE + K

@)= 20 - = [ a0 &

V=30 + 5 | g(e) de

u(Em) = ®(m) + WE) = @(x-ct) +plx + ct)

Right-going Left-going
wave (speedc) wave (speed c)
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u(nd) = 31fx = e + Sl + )l + 5= | g(e)

Uy

~ . b
1] T 1

() = 30— ) + fix + en) + o [ g(e) de
Jd 0 |

m\“\\m" 4

e Tt T/r 7,5t &Mﬁ:ﬁj
) / \ v
JIoN NV TN

Dynamic of continua Page 8



domain of
influence

depends on the initial
displacement at two points

tt zone
of influence

N characteristic & characteristic
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e Assume we want to solve the system of semi-linear first order PDEs,

PDE :
IC:
where
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Cyj + Aq. =s(q,z,t)
q(z,0) = qo(x)

vector of unknown fields
QVWQ
n X n fux matrix

source term (can be nonlinear in q

number of fields

Nk
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