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Overview of von Neumann analysis of leapfrog method

6.4.1 wvon Neumann analysis for leapfrog scheme
s Consider the leapfrog scheme [] for the advection equation u; + au , = 0,

,n+1 =1 L \1
u —Um t Um—1

= = m1 = = (464a)
w7 (464a)
. vt = k(v — vl ) V\%\ (464b)
( j X N /
"

%(/M/%) . @ V'\ o i
V

vt e 0

nt+b _ ym4a)d snth A
) Umta = € v : ™

ANt A

Vo= %"\/ :8@\’/"\-'\

g™t + (2ksinf)g" — g™ 1 =0

|

|Ir — o
gy = —ksinf +\/ 1 — E” sin? ¢

B =
g = —ksintl — /1 — k” sin? 6 %
dnﬁat&&

General solution looks like this:
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Is it possible that g+ = g-

Yes,
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How is this equation modified?

vt = AL (E)gi(f)+ A_(€)gn(9) A{ Q\L{j
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I 1 Weak instability for leapfrog method
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Leapfrog weak (algehraic)
instability for k = 1.

.4.2  von Neumann analysis for a temporally 2"PDE

. . = 2 .
s For example, consider the wave equation [] (4 — €7 gz = 1) but without the source term,

Uy — @2 gy =0
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¢ Now consider a central-space central-time FD scheme being applied to the solution of (479). The FD equation will be,
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Von Neumann analysis for the CSCT for wave equation results in the
following second order equation of g:

g — 2419+ A3 =0, for 4, =1-— 95 sin? 5 Az =1
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e Recall that the ary and sufficient conditions for the roots of (433 to satisfy |g] < 11s ] was —1 < A5 < 1, ——‘22_—' <
A < —‘-—] pt t} point with repeate 1 roots of —1 or +1. That is,
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Analysis of general planar waves 635

7 Physical and numerical dispersion and dissipation

. t;killﬂL]k.’llH.
wy +au, =10

U g — AU gy = 0

uy — Du gp =10

TUp + U — D gp =10
pu g —V.(CVu) =0

1D advection equation

1D wave equation

1D diffusion equation

1D relaxed diffusion equation

elastodynamic problem

The idea is if we can propagate a wave with speed c?

oo U=

S

u= f(x.n—ct)d
¢ = mode vector 3
f = planar wave function

C = Wave L‘QPE‘E(I

n = direction of wave propagation (a unit vector)

that isu; = &; f{x;n; — ot
SN V“

The ability to propagate planar waves
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