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In all the following methods we want to obtain the stiffness K (n x n) and force
vector (n x 1) and solve for the unknowns a (n x 1) from the system below

Ka=F

These methods provider different equations for Kij and Fi

For example on slides 104- 107 we obtain K and Fr for WR method

K= [ WLLar (o))" av / [w/LIL ()T ds (132a)
P / [W]A(r — Lag (¢bp)) dv -/ [W/L(Ls(dp) — T) ds (132b)

/D oDy

or alternatively the individual components are given,
K= / wiLag () dv — / w!Ly(c,) ds (133a)

D YD
Fi= / wilr — Lat(dp)) dv + / wi(Lg(dy) —T)ds (133b)
JD JoD,

The derivation of K and F for WR method:

ua

Now we do the derivation for general LM and Lf

W = QJCPA +CPP
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This is just a more concise way of finding the final form of the equations:

Riu") = ajLarldy)+ (Las(ep) —v) = [Laglb)]| T la) + (Lar(dp) — 1)
Reu") = —a;Lplig) +(T— Lpldp)) = )Tl + (T — Lyldp)) (128)
@ In (127) the row and column matrix product is [" }
az
[Lar(d))Tlal = [Lar(é1) Lar(@2) Lat(dn)] =ayLal (129)
@ We plug (127) into (126) to obtain an

Find [a) = [a1 az --- @] such that

[ w1 (i@l + (Lar(p) = )} v +

(¢
;
5 18 £
[ wn{-t
J/ (w].[Lae (@)]T dv 7/ W/LIL ()T ds b [a] =
\/» Jop,
{/ WI(r = Lay (6p)) dv + / w1 (L s (p) (\«lu} (130)
JD Jop,

[w] and [w/] correspond to vectors of weight functions on D and dD;
w u i.
[w]= and [w/]= (131)
Wn wl,

@ According to equations (125), and (130), for a given &, the solution to the discrete }

() fa] + (1T — /',u‘,,u‘} ds=0 =

weighted residual statement (126) is obtained from Ka = F

o4& o\

K= [ wiiLa(@Tav= [ W/l ()T ds (132a)
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@ According to equations (125), and (130), for a given ¢, the solution to the discrete
weighted residual statement (126) is obtained from Ka = F

)
K:/r{w].[Lul'.»l:Td\' -[m W/LIL (@) ds (132a) S [L‘\(q) H@ CcLUW\V\ 3
N

¥ =/gw| (r = Las(dy)) dv ¢/ (WAL (6p) —T) ds (132b)
D oD,

of al ly the individual ¢ are given, I\'(/V‘ W <
Ky =/ wiliat(y) dv —[ wl Lyl ds (1333) . iﬂ( Q\ [ L/‘A(QL\ 0‘1“{})
. o 4, L@\

Fi= [ walr = Lag(e, ndv+/ w!(Ly(dp) - T) ds (133b) Z.
Jo e oDy (i ‘\N

Fl

Lar (@) dv + ]d L s(gp) — D) s
T

o sl B QDY) cae bee
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Different choices of weight function in WR
method creates many different numerical
methods!

Overview of the choices:
1. Subdomain method

Weighted Residual Method: Subdomain Method
o We define the characteristic function for the set 2 C D

Yo(x) = {' xeo (134)

0 otherwise

o In subdomain method, the weight functions are n characteristic
functions for sets £2y,.... 12,:

X1
[\\'] X 12 (135)
X

It basically satisfies the balance law for n distinct Q,, te g n
—_—

pproach| Equation Figure Discretization Discretization
method
Balance | "2 C D fyo(fnjds— |, Change ¥} to | Similar to
Jprdv=0 o | {2, 1) subdomaip,
. r’ﬁ method  in
. WRM
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This method only changes the domains of integration from DbDf) to

@ Based on (134) and (133) the component expressions are:

Ky = { fulr,';_.]:l\'—“ i._m.-m ds (137a)

F= / Wit — Lus (hp)) dv + [ (Ly(dp) —F) ds (137h)

reima il emackly for the coptinuam solntion

L=T r=r=FN U
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2nd choice
Collocation method

We satisfy the PDE & natural BC at n points (n was the number of unknowns)

Weighted Residual Method: Collocation Method
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How to show that a least square method is a weighted residual method
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@ Equations (156) and (157) yield,

YoeVh: /l.,\«((.‘v.}(L,\,(u")—r) dv+/ (=L () (F = Lg(@")) ds =0
D —v—‘n oD, “ﬂ/
(158)

'8

e

i residual we

@ In comparison to (126) for the general of
observe,

Yw e W / w.'R.(u")d\'-L/ w/.R,(u"lds=0
D oD,

@ Discrete Least Square problem for linear differential operators Ly; and L; is
quivalent to a discrete weighted residual with the weight functions

Weight functions corresponding to Least Square Method

w=La (@) (159a)
w/=(=L(¢)) (159b)

What are the terms of stiffness matrix?

@ According to (159), discrete least square method corresponds to a weighted residual
method with particular weight functions given therein. Accordingly, (132) and (133) take

the form:

K= [ ln@liu@) av+ [ (L @HES )] ds

F= /D (Lt (@).r = Lt (b)) dv — fa @) =) ds

or alternatively the individual p are given,

K= [ Lu@)La(@) v+ [ Ly@ols(s;)ds
D oD

F,=/I)Luw.»)(r—Luwp))dv—AD Ly(bo)(Ly(dp) —T) ds
!
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(160b)

(161a)
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