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Trusses

Types of simple Plane truss
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Another useful relation is fb ’5

=

_AE[1 -1|fe s 0 O fil]l _|e s —ec -—s
Tka_T [—l 1 ] [0 0 ¢ s} = f2:| o [—c -5 ¢ s}
(386)
@ Noting that f3 corresponds to tensile axial force in the bar, which we denote by T' we have,

/P“ = AE{c(Us — Uy) + s(Uy — Uz)} ‘ (387)
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Types of simple Plane truss

We need to have common coordinate system to match element displacements and add their forces
(i.e. the assembly routine). That's why we go to global coordinate system element stiffness matrix

How about forces:

T
i ~ 1\/<_ T 1/< T
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After we evaluate Ke and Fe then we can assemble them into global system stiffness matrix and
force vector

Example on how to go from local coordinate to global coordinate element forces

Body force in rotated coordinate system

@ While there is no body force exerted on
truss members, it is interesting know how

the body force we computed in local Iy
; Fop 7
coordinate system transfers to global r l[//
coordinate system. /\ e
@ From (378) we have, q "

£e :fNET.q dr ~ ¢ [gﬂ (301)

Ir
- Ft

rl

@ Similar to F = TTU we have, Fr, IZ

Fe=TT'fe
@ Thus,

Fe =TT [ NeT gdo~ TTre g;] that is

Fey ¢ 0 c 0 exact for linear
Fey|  _fs 0 [ Ng cdz~ | 022 1o q
Fe, 0 ej’e|NS 0 e & (1 2| |qg

e Tl b o

@ The transformation from local to global forces is general and applies to other forces, e.g.,
f5;, and other element types, e.g., beams. 317 / 456

Relevant for HW4
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Cases that we need to have two different coordinate systems for the ends of a truss element

@ In some instances we need to employ two different coordinate systems at the end points of
a bar or in general coordinate system(s) that are not aligned with global coordinate
system.

@ For example the support highlighted in red in the right figure, do decouple displacement
at the support and set the normal displacement to zero (Dirichlet BC) and tangential one
free (Neumann BC) we need to employ the rotated coordinate system X},X%,

@ We have two different angles, #; and 2. We define,

ey = cos(f) s1 = sin(#q)
co = cos(f2) s9 = sin(f2)

Truss element /two different coordinate systems

@ As before T := T,uy = Trs and in this case is given by,

_ 1“1 81 0 0
T= |:0 0 Co SQ:| (393)

@ Accordingly, from K = TTKT we obtain,

C.'f c181 —c1co —C182
2
c181 8 —rco81 —8182
K = 1 2 (304)
—c1e2 —e0s] ch o892
[—CISQ —s182  cos2 s2 J

@ Finally the axial tensile force in the bar, which is the second line of kT iy = kT is
(compare to one global coordinate in (387)):

‘ T = —C]_L"]_ — SJ.["I-E + CQL"‘?, + 89 [."_4 ‘ £395l6

Truss example g
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0.64 042 -0.64-0.48 |

kep = (L)1) | 048 036 048036 | |, Jeaten)
== 3 | .064-048 064 048 . 1673
| -0.48-0.36 0.48 0.36 |
113 33 i3 1 2 1 2
ifoo 0o 1[0.320.24 -0.32-0.24 221-0.221 0.221
— 3|00.3571 0-0.3571 3| 024018 024018 21 0221 0.221
3loo 00 1|-032-024032 0.24 21 0.221 -0.221
:-*L 035710 o.asrj 2’7-1124-0.19-3.34 IJ;J 221-0.22 l
0. 32 2! .24 22 — .24 0.5410 0.019 —0.24
K = |0.24 2 0.18 —0.18 = | 0.019 0.401 —0.15
—0.24 —i{.18 0.357140.18 —0.24 —0.15 0.5371
. kelal = 7= i =
D 'g 0 0 o 1] 221 -0.221-0.221 0.22 5
0 0.3571 0-0.3571 alo 221 0221 0221 0.22 g
o0 0 0 0 2|10 1 22 22 22 22 i
0-0.3571 0 03571 3lo ) 22 22 22 22 (i 2
o o 2 1105
2 |81 _ pE1 eq e1 30 29 .E0 e ea 3|0 _ 3 5
folfe’ =f +E —fp = 5g| [fe” =7 +E —f5 = ! =1 5
R} 210 2 5
Assembled forces from elements is
7 - . - -
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[0.3az2 2 .24 221 —0.24 [0.5410 0.019 —0.24
K = (0.24 221 0.18 22 —0.18 | = | D.019 0.401 —0.18
| —0.24 —0.18 0.35714+0.18] | —0.24 —0.18 0.5371
07 [ 5] [0.1105 ] 1 [try —0.2123
= r + Feg = |—1] | 1 S = |—1.1105| = = = |Usg| = [—3.2880|
F Fp F [ 1 + | | 1105| L8] K F g l 3.2080
) o | 0 | L 0 J E!.-’g —1.200 |
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Things that we want to obtain:

1. Element axial force (the force in its LOCAL coordinate system)
2. Support forces
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To calculate element axial forces we need to do two things

A. Transfer U1, U2, U3 (free dofs) and - (/ (}L C Prq/)mllf(é (Lf()) *Q
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Element 3

= [iq =1
A A
[ T — == |!I'_:- _'I:Il-.l
1.0 = Uy =[—3.2080]
‘_ ........................
1.6 ’[ = [, =[-0.2123]
. Hﬁ ] <O |1! C: %
B Sz\ 22080 Se . b

Element displacements in the global coordinate system

To compute element axial forces we use

T = AE {c(Us — Uy) + s(Uy — Us)}

- -J.-e’:-]

+1 % (04 1.2)} = 0.4286

10.6 % (—3.2028 + 1.2)} = —0.7128

bﬂ'“

w (—3.2028 — 0)}

T* = S0 % (0.5 —0)[7°2 = 131 {0.8 x (-0.2123 — 0) = %{%ﬁ ® (—0.2123 — 0.5)
: 3 G423

To compute support forces we evaluate the element forces all expressed in the global coordinate
system.

((:( caon RN km%
Broos

AY»QML FMA

L

MES517 Page 12



kF1ab = kXAl =
—fE| 10 [ ] 0 0377024 -032-024 0 0221 -0.221 -0.221 0.221 0.5
0 0.357 0-0.357 —-1.2) _ 0.24 0.18 -0.24 -0.18 —1.2 _ -0.221 0.221 0.221 -0.221 0 _
0.5 | — -0.32-0.24 0.32 0.24 —0.2123) — -0.221 0.221 0.221 -0.221 —0.2123| —
0-0.357 0 0.357 0 -0.24 -0.18 0.24 0.18 —3.2980 0.221 022]. -0.221 0.221 —3.2880

0
0.
0.
- 0.
L 0 i[ 0.5715 _‘
| —0.4285 I 0.4286
3 0 1| —0.5715 1
4| 0.4285 2 —0.4286 2

= —(L5714

- ={L.57141

= —[1.4256

Wl = —(.4385 =

fi7 = —0.4715

f5* = 0428677,

Ri=fi'+ f{> =04 0.5715 = 0.5715 (397a)
Ri=fS'4 /7" =04 —0.5714=—0.5714 (397b)
Ri= /' 4 157 =0.4285 + 05711 = 0.9999 (397¢)
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Question

Although we do not need to recalculate forces for free dofs (because they are given) we can check
the correctness of our FEM solutions

Truss Example: verification of forces at free dofs

45 = 0.5714

T_,r_;- = 04285 = [|7 = —(L5T14 3 :
fit =0 '
. 1= =071

2 > =0.5714 £

g —

S [17 = —0,4286

| fit = 05715 .

R = 049867, .

=g 1 >

=0 - f12 = 05715

@ Also, if we want to double-check our calculations on free dofs. This step is not
needed and it may be done as a verification for hand calculations:

Fy = f52 4 7% = —0.5715 + 0.5714 = —0.0001 (398a)
Fy =24 " =—04286 + 05714 =—1=F (398b)
R3 = f5' + f5* = —0.4285 + 0.4286 = 0.0001 (398c)

Exact solution
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Truss Example: Direct solution method

%1 e oy

2 I3
}L) R}
: s 450 Ty

>

@ Since this is a statically determinate structure, we can easily solve the forces and verify our FEM forces.

EFy=0 = RI-F=0 = RiI=1

1
¥Mng =0 = 28R} -1.6F =0 = Rj=— =05714
i
. 4
EF =0 = Ri+RI=0 =1,R§=_;=_0_5714
2, 4. .. 5
NF; =0(@ng) = R}+-T°2=0 = T°2=-==-07143
bl i
- e 3 e 3
EFy =0(Gna) = T1+-T2=0 = T 1=_- =0.4286
[ i
4_, 1 4
EF =0(@ny) = —-T°2— —T"3=0 = T 5=—+3=0.8081
5 V2 7

FEM solution captures the exact

solution!
Why?

Whenever FEM discrete solution is capable of modeling the exact
solution function it actually captures the exact solution.

(300a)

(200b)
(300¢)
(300d)
(300¢)

300f
35? 4136

Slides 329 to 334 are the material we covered before
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