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Compare this with the WRS:
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The Weighted Residual Statement reads as,
; JWRS __ @D ) =
FindueV ={ve ) |Vx € 9Dy v(x) = u}, such that, (66a)
w JWRS _ & no need to enforce the homogeneous essential BCs for WRS  (66b)
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Q: distinction between weak and strong
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The Weighted Residual Statement reads as, e SN ¢ U Pl .
A R
Find u e YWES = (v € C*(D) |vx € 9Dy v(x) = i}, such that, (66a)
Yw € WWRS _ C"(D) no need to enforce the homogeneous essential BCs for WRS  (66b) ,R Q J.B
\ + ~€
0= / \\"(V'.(r+pb)(,l\‘+/ w.(t—t)ds (66¢)
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Strong -> the equation is satisfied at all points
Weak -> the equation is satisfied in "integral" form, where a
weight function multiplies the equation

Specific meaning of weak statement -> The great looking :)
equation we get after "integtration by part" of the WRS

Weak statement is much better than WRS because the solution and the weight have the same regularity requirement and this enables

continuous FE formulation.
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A brief note on how to satisfy the essential boundary condition for the solution and the homogeneous version of that for the

weight when dealing with the Weak Statement.
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Energy method
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Energy Method for Solid Mechanics

The total energy ip solid mechanics is,
W\
=0~ w) -7 4 Total energy  (85a) T °°
- \aw.’w‘wj\
T = / —pv.vdv = Kinetic energy _(85b) '
Jp 2 =0 Lor §f‘d\

( |4 —/ (¢) dv = Internal energv\ (85¢c)

W Wy )&rternal work (85d)

/ (85e)
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Wy = /p "@AXS (85f)

@ For static problems T'=0
@ Internal energy density, e(¢) = ,r ro(e) = ( ijki€ijert for linear solid.
@ Natural boundary forces are naturally |ncorpor1ted into the energy (Wy)

@ Essential boundary conditions are incorporated into function space:
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ueV={v|veC(D): ¥x € 8D, v(x) = ii(x)}, is a solution if
Ya eV, I[I(u)<II(u). (86)
I ———— T4/458
/ ¢] T:0
fr  the fmb‘W\‘S el (lave ] Teb
\

Dot fhe ety
I

A,

S’M‘fm 1Cof o« bof

/\ USQO;S\IQ; s /\

X9,

)é:L

e
Qo VST 0oy dv

1

v /] il

MES517 Page 7

[ (o) dhda



e
dv “ (o) dhdre
E \/—V\Z%_@(a\o,mgarkk \[: \g Q(?J) - g & 7

= 4 *0 EC:\/ M a onoSS Ahse

L d T C’l_o\v\

S é@g%ﬁqfﬂw arte Ao ead~ < ’_g/\{/ﬂ ol e S 5%

_ ,,&LS EGaAK £ Iy & < %%(. —u
/6’//—‘1\_
\ V- 4 L { Eron w0« ©
A\
Yy = /7 F \/\/(z fum
&BM x <L

. \/\/:L\/b +W Q

Sy ol bl b

L cto(;&x
V\Ibr J (ACXW\(Y)JK @ %
Q J"\)Q ;(/((K\Cl'rvt_/

— um‘i(x)i)(
[T = a0 - W, -hp

- L - 2 L _
— ( O _i,& Aoyl I Sw Bedx 0T

o

-



L CC

J E'\CK\U{U‘I SN~ l""""'IU\}\'/\ —U )t
o O

K (x)
o ()
- (‘JV\B“""’/W,\

A function of a function is called a functional.

1. Useful links for energy method (not necessary to apply energy approach in the derivation of weak statement) - link Functional optimization: How an equation for
first variation of a functional (e.g. equations 93,95 on slide 78) can be derived. You clearly do not need to read this document for this course and this is only
provided as a related material for students that want to understand the logic behind the derivation of equations 93, 95. - link Exact calculation of total, first, and
second variations for a simple example: In this document the total variation of the energy functional for the bar problem is directly calculated. The first and
second variations are directly obtained and higher variations are zero for this simple functional. It is observed that the first variation is exactly the same as what

we would have obtained by equation 96 on slide 78.
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