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About 40% of the course is about balance laws, strong form, weak form, and finite element formulation (beginning of the
course).
This part is more mathematical and the course notes are the best reference for this part.

You can download course notes from:
http://rezaabedi.com/wp-content/uploads/Courses/FEM/c_FEM.pdf

Course outline:
1. Finite element (&spectral methods, a bit finite difference) formulation
a. Balance laws

b. Strong Form P \

c. Weighted Residual Statement (WRS) \‘7"(7 preCe> bt N ]

d. Weak Form ‘
e. Discretization — \ mv&l&,
f. Energy method Wotl W‘Qﬂl'\c& can (;Lr?r/ry p

e Band ook sttored]

40%, a bit more mathematical

2. 1D elements (bar, beam, truss, and frame problems)
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Each element type provides a new concept

3. 2D/3D problems:
a. Elastostatics (with some notes of elastodynamics)
b. Heat conduction

- Numerical integration (quadrature)
- Isoparametric 2D/3D elements

4. Finite element implementation (how to code an FEM using
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C++, Matlab): lectures on objected-oriented programming
of FEM

"""" e RN =
e Exam(s) (subject to change): \ 8%
¢ Assignments: Homework assignments take up 50% of the grade. Assignments
typically involve a computational part that requires writing/modifying small
computer codes (Matlab, C++) or using commercial packages such as COMSOL.
The assignments include challenge problems” that can add up to 5-10% to the

tinal grade. Percentage can be subject to change. 0%
e Term project(s): Computer FEM code {ﬂr%)& commercial FEM software
(B%) Progs (e > Nem3 20
e Absences and excused grades: Excuses will be given only under the tollowing
circumstances: Qo g&v\és /'th//m& IO o Omese cundlir p 03((}\
o illness

o personal crisis (e.g. automobile accident, death of a close relative)
otherwise there is a 15% penalty per day for late assignments.

1. Finite element formulation

If you understand this part well: /
- (Continuous) Finite element method
- Spectral method \/

- Discontinuous Galerkin (DG)
- Finite Volume ] -\M,aw\\\{ W§

- Finite Difference
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This process :
- Noting that neighboring element displacements (unknowns)
are the same
- Their "forces" ADD with each other
- Add contribution of all elements

is called Assembly
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FEM packages:

et

£ 5w
£.-0
bc@;\\y\,
2 sech—C
A= \0
AZ;(OG

Launch Ansys Product Launcher

- We always work with geometry objects (vertices, lines, surfaces, volumes). For example, we even apply the loads and other BCs on geometry. Finally, we mesh the geometry.
- The only exception is for domains with 1D elements. In this case, we directly specify FEM objects (nodes and elements) s
k’/< 6—_%
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1. Define elements to be used
We are going to use link elements (truss elements)

Defined Element T

£ Preferences
& Preprocessor
B Element Type
=l ddEditDalet
B Switch Elem Type
B Add DOF
B Remove DOFs
E Elem Tech Control brary of Dlement Typs
© Real Constants
= Material Props
B Sections
@ Modeling
@ Meshing
Checking Ctris
Numbering Ctris
@ Archive Model
@ Coupling | Cegn
H Loads
il Path Operations
@ Solution
@ General Postproc
& TimeHist Postpro

2. Add material properties
E1=200
E2=10

& Preferences

1 Preprocessor
Element Type
eal Constants
) Material Props ]
Material Library
B Temperature Units
B Electromag Units
=] od
£ Convert ALPx
B Change Mat Num
& Failure Criteria
B Write to Flle
1 Read from File

Material Models Defined Material Models Availabie

L] enal Model Number 1) i Favortes
§ Structura Linear Isotropic Material Properties for Matenial Number 1

& Elast T1

thotropic EX
@ Anisotropic ity =

@ Modeling

nlinear

al Expansior
a9

i rlcire Add Temperature | D Graph

@ Path Operations
@ Solution
4 General Postproc

Matenal Models Defined Matenal Models Available

34 Matenal Model Number 1 i Favorites
Model Number 2 o Structural

@ Linear lsotrog

&N
& Nonlinear

2 Density

& Thermal Expansion | EX
s Damping PRXY
& Coletion £ Asirsa

Add Tempe e Temperature Graph

" o et

3. Define section properties

Ac =\0
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AZ - (OC/

@ Preprocessor
= Element Type
= Real Constants
= Material Props
Sections
= Section Library
& Beam
7 Shell
@ Pretension
= Joints
& Reinforcing

Add section 2

You can list materials and sections
4. Define nodes:

(o9

3 Real Constants
1 Material Props
@ Sections

5 Modeling

& Create

Lines

= Areas

Volumes

n rking Plane

t Curvature Ctr
7 On Keypoint
7 Flll between Nds
7 Quadratic Fill
otate Node CS

And nodeé 2,3

5. Step 4: define elements
- Choose default material number
- Choose default section number

- Define element passing through nodes
E Preferences -
© Preprocessor
= Element Type
& Real Constants
@ Material Props
= Sections
= Medeling
= Create
Keypoints
Lines

© Elements
[ Elem Attributes
@ Auto Numbered

1 Surf/ Contact

2 SpotiWeld

Pretension

3 User Numbared
2 Write Elem File
[ Read Elem File
B Superelements

B Contact Pa

Cireuit

2
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For element 2: change A from Al to A2

o= Fremerences
Preprocessor
= Element Type
1 Real Constants.
7 Material Props
1 Sections
Modeling

Meshing
1 Mesh Attributes
[=]Det: T

& Volume B
E MeshTool
@ Size Crirls
B Mesher Opts

Finally for element 3, repeat this process change E from E1 to E2

 FTBProcessor
@ Element Type
@ Real Constants
= Material Props
& Sections
@ Modeling
& Meshing
= Mesh Attributes

@ Volume Brick ¢
& MeshToo
= Size Cntrls
B Mesher Opts
= Concatenate
= Mesh
= Modify Mesh
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Show the element numbering

Plet PlotCils WorkPlane Papame
| Pan Zoom Rotate

If want to check elements are formed correctly
Lst Plot PlotCirts WorkPlane Pagameters Macr

File ’

YWRGRPH

Nodes + Attnbutes

Nodes + Aftr + RealConst
1
Attribiges + Rea

Attnbuges only

Layered Elements

LIST ALL SELECTED ELEMENTS. (LIST NODES)

ELEM MAT TYP REL ESY SEC NODES

111101 2 3
211102 2 1
321102 3 1

6. BCs:

a. Displacements:
E Preferences
B Preprocessor
@ Element Type
@ Real Constants
= Material Props
= Sections
@ Modeling
= Meghing
E Checking Ctris
@ Numbering Ctris
@ Archive Model
= Coupling | Cegn
E Loads
@ Analysis Type
& Define Loads
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b. Forces

& Preprocessor
@ Element Type
@ Real Constants
@ Material Props
Sections
& Modeling
@ Meshing
Checking Ctris
Numbering Ciris
& Archive Model
@ Coupling | Cegn
H Loads
= Analysis Type
2 Define Loads
Settings

nents

B Pretnsn Sectn

[F] Apply Ferce/Moment on Modes

y E/M on Nodes

Lab Direction of force/mom

Fy -
Apply s Constant value -
f Constant value then
VALUE Force/moment value 1.0
oK Apphy Cancel Help

Preprocessor stage is finished. P MW\ é

Solving the problem: ( \
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Preprocessor stage is finished.
Solving the problem:

B Aooiy F/M on Nodes
F] Apply Force/Moment on Nodes
ab  Direction of force/mom

e
Apply 85 [Constant value <]
f Constant vslue then

VALUE Force/moment value

oK Apply Cancel Help

Postprocess:
View and list the results

. Deformed shape

. Elements solutions (axial force and stress)

. Displacements for free degrees of freedom (dof)

. Forces for prescribed dofs (called Reaction forces)

A WN R

1. Deformed shape

= General Postproc

B Data & File Opts

E Results Summary

@ Read Results

& Failure Criteria

 Plot Results
[=]Deto Kl
@ Contour Plof
= Vector Plot
& Plot Path tem
@ Concrete Plot
@ ThinFilm

& List Results

H Query Results

B Options for Outp

B Results Viewer

# Nodal Calcs

US :O (/0:/040( bﬁé

Qe [Q(,\ﬂ/\/ ‘“’\ )

Prescribed, Dirichlet dof:
- we know the displacement (primary field)
- We don't know the force
Free (Neumann) dof
- We don't know the displacement (primary field)
- We know the force

e Paameters Macro MeguCtrs

mbols

To Pnnter

Save Piot Cirls -
2. Elements solutions (axial force and stress

)
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= Preterences
H Preprocessor
@ Solution
O General Postproc
B Data & File Opts
B Results Summary
= Read Results
@ Failure Criteria
= Plot Results
E List Results

st Erement Schuson
Hem to be ksted

@ Thermal Strain

& Total Mecharical and Thermal Strain

B Detailed Summary

= teration Summry

8 Percent Error

= Sorted Listing

B Nodal Solution

JElement Solution}

8 Superelem DOF

B SpotWeld Solution o L

B Reaction Solu

E Nodal Loads

8 Elem Table Data

B Vector Data

B Path ems

B Linearized Strs
= Query Results [ Eeth Cancel Hele
B Options for Outp .

PRINT ELEM ELEMENT SOLUTION PER ELEMENT

FIFEEEES

**EXX POST1 ELEMENT SOLUTION LISTING *****

LOAD STEP 1 SUBSTEP= 1

TIME= 1.0000 LOAD CASE= 0 R
EL= 1NODES= 2 3 MAT= 1 XC\YCZC= 0.000 1.400 0.000 AREA= 100.00 LINK180

FORCE=0.42857 STRESS=0.42857E-02 EPEL= 0.21429E-04

TEMP= 0.00 0.00 EPTH= 0.0000

EL=  2NODES= 2 1MAT= 1 XCYCZC=0.8000 0.6000 0.000 AREA= 10.000 LINK180 —

FORCE=-0.71429 STRESS=-0.71429E-01 EPEL=-0.35714E-03
TEMP= 0.00 0.00 EPTH= 0.0000

EL= 3 NODES= 3 1MAT= 2 XCYCZC=0.8000 2.000 0.000 AREA= 10.000 LINK180
FORCE=0.80812 STRESS=0.80812E-01 EPEL= 0.80812E-02
TEMP= 0.00 0.00 EPTH= 0.0000

3. Displacements for free degrees of freedom (dof)
S Preferences ~
@ Preprocessor
& Solution
& General Postproc
£ Data & File Opts
1 Results Summary
= Read Resuits
@ Failure Criteria
@ Plot Results
3 List Results
@ Detailed Summary
3 teration Summry
& Percent Error
= Sorted Listiny

fem 1o be ksted

& Element Solution
8 Superelem DOF
2 SpotWeld Solution
& Reaction Solu
8 Nodal Loads
£ Elem Table Data
& Vector Data
& Path items
8 Linearized Strs

= Query Results

PRINTU NODAL SOLUTION PER NODE
**E%% POST1 NODAL DEGREE OF FREEDOM LISTING *****

LOAD STEP= 1 SUBSTEP= 1
TIME= 1.0000 LOAD CASE= 0

THE FOLLOWINi.PEGREE iF FREEDOM RESULTS ARE IN THE GLOBAL COORDINATE SYSTEM
e
uy

n‘f;
NODE UX U usum
1 0.12690E-001-0.18170E-001 0.0000 0.22163E-001
2 0.0000 -0.60000E-004 0.0000 0.60000E-004
3 0.50000E-002 0.0000 .0000  0.50000E-002
rSoen

4. Forces for prescribéd dofs (called Reaction f
@ Solution .
B General Postproc

B Data & File Opts

E Results Summary

= Read Results

= Failure Criteria

= Plot Results

© List Results
& Detalled Summary
B Reration Summry
B Percent Error
& Sorted Listing
£ Nodal Solution
& Element Solution
B Superelem DOF
B SpotWeld Solution
-JReaction Sol

8 Nodal Loads

Bl Elem Tabile Data
B Vector Data

= Dath Hame

PRINT F REACTION SOLUTIONS PER NODE /\ /‘
***%% POST1 TOTAL REACTION SOLUTION LISTING ***** (

LOAD STEP= 1 SUBSTEP= 1
TIME= 1.0000 LOAD CASE= 0

THE FOLLOWING X,Y,Z SOLUTIONS ARE IN THE GLOBAL COORDINATE SYSTEM

NODE FX  FY  FZ /] |
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THE FOLLOWING X,Y,Z SOLUTIONS ARE IN THE GLOBAL COORDINATE SYSTEM

NODE  FX FY FzZ

2 0.57143 \
3-0.57143  1.0000
TOTAL VALUES
VALUE -0.77716E-015 1.0000  0.0000
N

HW1 and final project is a truss problem /ﬁ

2D example
Project 1, a dental crown problem

Fos
SNEVN (03




1. Define element type

]
Difined Element Types
[ -
Libeary of Element
Flement type reference numses
Add o Cance Help

163 element type options

Element Yype Ref. N

o weh plane stres

Delet ox Cancel He

2. Materials

= rreterences
| Preprocessor
@ Element Type
& Real Constants
© Material Props
@ Material Library
B Temperature Units i
Material Models Defined Material Models Avi

B Electromag Units
®

B Convert ALPx
B Change Mat Num
g\f\f:\l;r?ocrr:lt:m Linear lsotropic Matenal Properes for M
B Read from File
= Sections
& Modeling
@ Meshing
@ Checking Ctris
& Numbering Ctris
& Archive Model
il Coupling | Cegn
@ Loads
& Path Operations
& Soclution
4 General Postproc
@ TimeHist Postors

anial Number 1

1 Temperature Graph

Add Temperature | De

Help

And then 2
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Thursday, September 1, 2022 11:25 AM

Creating the areas
= Preferences
& Preprocessor
= Element Type
= Real Constants
= Material Props
= Sections
& Modeling
e Create
@ Keypoints
@ Lines
e Areas
@ Arbitrary
e Rectangle
7By 2 Corners
2By Centr & Cornr
JBy Dimensions

@ Cirela

rlie Select LISt FIOl FIOILINS VVOrKFiane rarameters Macro Menuutrns Heip

D& & @ & & 7 H
Toolbar
SAVE_DB| RESUM_DB| QUIT | POWRGRPH

Main Menu

= Preferences
& Preprocessor
@ Element Type
@ Real Constants
@ Material Props
@ Sections
& Modeling
& Create
@ Keypoints
@ Lines
& Areas
@ Arbitrary
& Rectangle
7By 2 Corners
7 By Centr & Cornr
LJBy Dimensions|
@ Circle
@ Polygon
A Area Fillet

ME517 Page 18

[RECTNG] Create Rectangle by Dimensions

X1.X2 X-coordinates

2 Y-coordinates

ﬁ Plot Numbering Controls
[/PNUM] Plot Numbering Controls
P Keypoint numbers
LINE Line numbers
AREA Area numbers
VOLU Volume numbers
NODE Node numbers

Elem / Attrib numbering
TABN Table Names
SVAL Numenc contour values

DOMA Domain numbers

[/NUM] Numbering shown with

[/REPLOT) Replot upon OK/Apply?

Apply




1anical Enterprise Utility Menu £ 'YOUu are screen shanng P Ay 8 SI0p SN

act List Plot PlotCtrls WorkPlane Parameters Macro MenuCtrls Help
@| Files d|
Status ’

g | ICSTZEE  Coordinates Only
Lines ... Coords +Attributes |}

nu Areas Hard Points
enc Volumes .
wce: Nodes ...

nen Elements »
1C¢  Components

eric  picked Entities +
tior

felii  Properties »
rea Loads >
aK( Results »
aLi
Other >
3 Alcas
@ Arbitrary

& Rectangle
7By 2 Corners
A Bv Centr & Cornr

We need to merge the keypoionts and after that the connecting lines will
also merge

B Mer ncident or Equivalently Defined ltems

[NUMMRG] Merge Coincident or Equivalently Defined ltems

Label Type of item to be merge
TOLER Range of coincidence
GTOLER Solid model tolerance
ACTION Merge items or select?
* Merge items

Select w/o merge

oK Apply | Cancel Help

i
SWITCH Retain lowest/highest? LOWest number 1 |
i

LIST ALL SELECTED KEYPOINTS. DSYS= O

NO. X,Y,Z LOCATION KESIZE NODE ELEM MAT REAL TYP
ESYS
1 000 000 0.00 0.00 0 00 0O O
2 100 0.00 0.00 0.00 0 00 0O O
3 100 1.00 0.00 0.00 0 00 0O O
4 000 100 0.00 o0.00 0 00 0O O
7 10.0 3.00 0.00 0.00 0 00 0O O
8 0.00 3.00 0.00 o0.00 0 00 0O O

Dividing the top line to 5 segments so we can apply the load on the first
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created segment from the left
@ Extrude
A Extend Line
& Booleans
@ Intersect
= Add
@ Subtract
& Divide
A Volume by Area
7 Volu by WrkPlane
2 Area by Volume
7 Area by Area
7 Area by Line
7 Area by WrkPlane
7 Line by Volume
A Line by Area
A Line by Line
A Line by WrkPlane
ALine into 2 Ln's

gLine into N Ln's

ﬁ Divide Line into M Lines

[l (LDV] Divide Line into N Lines

NL1 Line to be divided
NDIV Mo. of lines to create

KEEP Existing line will

Boundary conditions

El

[Be modified

- We don't need to specify that the left edge is the axis of symmetry

- Fix the bottom line:

= Preferences
& Preprocessor
@ Element Type
= Real Constants
@ Material Props
@ Sections
& Modeling
@ Meshing
@ Checking Ctris
@ Numbering Ctris
- @ Archive Model
@ Coupling / Cegn
& Loads
@ Analysis Type
& Define Loads
@ Settings
e Apply
@ Structural

& Displacement
210 |

N Nn Araac
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& Analysis Type
e Define Loads
e Settings
e Apply
e Structural
@ Displacement
& Force/Moment
e Pressure
Ale

1| B Apply PRES an lines
[SFL] Apply PRES on lines as a

I Constant value then

VALUE Load PRES value

Constant value

If Constant value then
Optional PRES values at end ) of line
leave Blank for uniform PRES )

Value

oK Apply Cance

ME517 Page 21
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Meshing

First thing, we define materia_lqu_mper for each area

@ Material Props
@ Sections
@ Modeling
& Meshing
& Mesh Attributes
&2 Default Attribs
82 All Keypoints
A Picked KPs
B All Lines
7 Picked Lines
2 All Areas
a
& All Volumes
7 Picked Volumes
@ Volume Brick Orient
2 MeshTool
@ Size Cntrls
& Mesher Opts

= | ﬂ Area Attributes
[AATT] Assign Attributes to Picked Areas

MAT Material number [ -

REAL Real constant set number

[None defined

TYPE Element type number K PLAMETE3

ESYS Element coordinate sys

SECT Element section [Mene defined

oK Apply Cancel Help

List the areas

LIST ALL SELECTED AREAS.

NUMBER LOOP LINES AREA  ELEMSIZE #NODES #ELEM MAT REAL TYP ESYS SECN
11 1 2 3 4 N/A 0.000 0O 0 1 01 0 O
21 3 6 7 5 N/A 0.000 0 0 2 0 1 0 O
9 10 11 8
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MeshTocl

Element Attribubes:

[Giobal =] se

| b Smart Sz | '3
1 v

| Fire E Coarze

Size Controls:
Global Set Clear
Areaz Set Clear
Lines Set Clear
Copy Fip

Liayer Set Clear
Keypls Set Clear
Mesh Areas i |
Shepe:  Ti * Quad
 Free (" Mapped "

Mezh Clear
Refine ot [Elements -

Refine
Close Help

Pick all areas:

Solution:
i ~———— —— ——_________________________________—
Main Menu [

= Preferences

= Preprocessor
E0LUTION OPFPTIOHNE

= Solution
. PROBLEM DIMENSIONALITY. . . . . . . . . . . . . AX1SYHMETRIC
= Analysis Typ| DEGREES OF FREEDOM. . . . . . iz~ vy
) ANALYSTS TYPE . . - . - - . o .o .22 ... STATIC (STEADY-STATED

= Define Loads| cLoBaLLy assEmBLED mATRIZ | | . D . oD .ol SYNMETRIC

= Load Step Oy LOAD STEP olve Current Load Step *

= SE Managem| pLoap STEP WUMBER. . . . . . . . . . . . ... _ )
TIME AT END OF THE LOAD STEP. . . . . . . . .

B Results Tracl IIMEAT END OF THE L0AD STEP. . . . . . . - - [SOLVE] Begin Solution of Current Load Step
STEP CHANGE BOUNDARY COMDITIONS . . © © . . .

= Solve PRINT OUTPUT CONTROLS . . . . . . . . . . . . ] . L .
DATABASE OUTPUT CONTROLS. . . _ . . . [ . 1! Review the summary information in the lister

Scurrent L
BFromLS F
& Manual Rezol
= ADAMS Connl
= Diagnostics

1 -t
E linahridnad Mann _

window (entitled "/STATUS Command"), then
press OK to start the solution.

a8 Cancel Help

Postprocess:

& General Postproc
B Data & File Opts
B Results Summary
@ Read Results
@ Failure Criteria

z]Plot Results

B2 Deformed Shape
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Contour plots

Choose 1st principle stress from the list of nodal contour plot:
Elll‘.‘ 2!‘.‘“‘.‘\4\ Elbl EIUl I'IUl\_.alllb uul'\l’ldllt raiaieieis  wviavliv  wisiuvun  neiy

- — (& Contour Nodal Solution Data
Do e e H -
Item to be contoured
Toolbar

| @ X- f
SAVE_DB| RESUM_DB| QuIT| POWRGRPH Sbomponent of sirexs

@ Y-Component of stress
@ Z-Component of stress

Main Menu <¢‘) _____ @ XY Shear stress
S Preferences M= @ YZ Shear stress
Preprocessor @ XZ Shear stress
= Solution ; PY'st Principal stress
e General Postproc oMx =, @ 2nd Principal stress
= Data & File Opts @ 3rd Principal stress
B Results Summary @ Stress intensity
@ Read Results @ von Mises stress
@ Failure Criteria i @ Plastic equivalent stress
& Plot Results
= Deformed Shape
& Contour Plot Undisplaced shape key
[ ] D
mm)m Undisplaced shape key |Deformed shape only v
& Elem Table Scale Factor Auto Calculated ~||31.595089072
& Line Elem Res
@ Vector Plot Additional Options ®

@ Plot Path Item

@ Concrete Plot
m ThinEilm

o Apply Cancel Heb

Min and max sigma_1 for the whole domain
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Plotting the results for certain number of layers
Select -> entities ->

| S —

Elements -

|By Atributes =

* Material num
Elem type num
Real set num
Elem CS num
Section 1D num

Layer num
Min,Max.Inc
211,

* From Full
Reselect
Also Select
Unselect

Sele All | Invert

Sele None| Sele Belo
OK Apply
Plot Replot

Cancel | Help |
-

]
h

Here the plot for the bottom layer

Specifying the range of contour plot:

PlotCtrls WorkPlane Parameters Macro MenpuCtris Help

Pan Zoom Rotate ...
View Settings ’

Numbering ...
Symbols ...

Hidden Line Options ...

Size and Shape
Font Controls P

Window Controls Edge Options
Erase Options g Contous | Uniform Contours ...
Graphs * Non-uniform Contours ...
Colors * Contour Style ...
Contour Labeling ...

Animate ’
Annotation v

Light Source
Device Options ... _g :
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3] Wil | FruvvRorrn

»)

B Uniform Contours

[/CONT] Uniform Contours

WN  Window number
NCONT Number of contours
Contour intervals

Auto calculated

Freeze previous

* User specified

User specified intervals

VMIN Min contour value
e VMAX Max contour value

VINC Contour value incr

[/REPLOT] Replot Upon OK/Apply?

1.6 mm

EREREREE]

Dental ceramic (E = 65 GPa 1T mm

Dentin-like polymer [E = 20 GPa 1mm

o o) \Q,«(\gﬂx O\ e

8 mm

TE M Smdihed
@ R \oncg \aW s b@)

Shge
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Different methods have different forms of shape function Cbz Qp

RN ;
g{&dceﬁ\ ket ¢ <X

\S Slr)(
CFZLX $inl4
Sl"“(

Discontinuous Galerkin -> Different basis functions

FEM formulation in detail
%CU\G\V\ Q@ 61 W

1. Balance law
o Why start with a balance law?
e They are the actual physics laws.

e They contain more information than their corresponding PDEs.

o Larger solution space than the PDEs. n J_L)N (D/AH
N~
e Can we directly start the FE formulation from a PDE? CT \3

e Yes, FE formulation starts from a differential equation. v
o A PDE may not be derived from a balance law.

Balance of mass, force (linear momentum), energy, ...

[
P ¢ gmz \A%V
h=kr «f2 = kor \
B ~

— (A (P - ©= Eok
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Summary slide

General form of balance laws

For a general conservation law let

@ f;: conserve d quantity = temporal flux
@ f,: total outward spatial flux

then the balance law for dynamics reads




then the balance law for dynamics reads: ‘ N\ /
— — . . - 17
YVw CDAVL: / rdv — / Q / rdv — / (fo.n)ds = T’— / f, dv (13)

For static case the RHS is zero (i.e., the quantity [ f, dv remains constant). The static
balance law reads:

VwCD: / r«l\'—/ f..ds = / x'(l\‘—/ (fon)ds=0 (14)

These can be directly compared to F = dP/dt and F = 0 in previous
discrete examples.
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You can skip slides 6-14, except slide 13, the static part of it

We'll discuss divergence theorem and localization theorem < (,V‘)

Divergence theorem \\D
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Divergence theorem is multi-dimension version of fundamental theorem of calculus (turning line integral to values at end points) B
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For the balance law, all we need is that the spatial flux (sigma here) to be integrable over the boundary of omega. o

wever, for getting to DE, ie. the blue term divergence of spatial flux should exist and in fact should be continuous. e} f\_ no‘
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Refer to slides 19-20 for divergence theorem

Second point from last time

Localization theorem:
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1D bar problem: Balance law (balance of forces), Differential

Equation, Boundary Conditions (BCs), constitutive equation
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ystem of equations (Statics)

Strong form (23) of balance of linear momentum for statics is:

Vi-a)=pb=0, =Veo+pb=0 = ay;+ph=10 (24)
where f = —a, r = pb, and V() = ‘:r‘_: ‘ :,JJI_; 1 :{II_J
Type Equation | ne new unknow l Ty ] Ne = Nu ]
a, Tiis
Balance law | o i = 0 3 R 6 3
iha o+ P j € {1,2,3}
Constituti y
e:::t:o: e @iy = CijuEwn 6 | Eu= En 6 3
kinematic 1y
compatibility Ept = 3(tk,t + uik) [} Uk 3 1]
ne = number of new equations ny = number of new unknowns
N. = total number of equations N, = total number of unknowns

@ We need other equations (constitutive equations

equations) to

Slide 26, FYI

and kinematic compatibility

balance the nu and equations,

mber of unknowns
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Different types of spatial boundary conditions (BC)

@ Lag(u) =r is the strong form after A
incorporating the “constitutive” and

“compatibility” conditions.

@ uis a primary field, (e.g., displacement
for solid mechanics; temperature for

L (u) = u: Dirichlet BC, order M,,.
Lg(u} = f: Neumann BC, order M;.

heat conduction)

@ M is typically even (e.g., M = 2m)

Lylu)=r

Ly,ul=u

u is an exact solution

Lilv

oDy

1) = f

A\

[oD,

oDy

Dirichlet BC

Neumann BC

Essential BC

“primary” or

(typically strongly enforced)

“kinematic” BC

Natural BC

( “naturally” derived from balance law fluxes)

“flux" or “force” BC
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Bar problem
Dirichlet BC
%u =u for example uw=10
_—
F= .-‘]:; =F
Nenmann BC
| Operator | Sample | 1D bar operator order
J'.g,“[l.l] =TI dl_la. {!-4:{:.]) =—q ]"‘_’m = |‘I.Ie' (!'l'-‘-'l ‘ujilr‘) m = 1[_‘1’ - 2]
L.(u)=1u U= L. =1(.) M, =10
Lyu)=f |EA$:=Ff Ly = BAS My =1

?)(//9 o SEU SV & M-’l
M<9 > s gt dby

_ U =
U= Esso.ﬁ /4=
4\

S oy NG E s n (ﬁ;k;%:m’

O
N _
B/ < \ f el s,
\
\ \\@ \wx\‘q Nm\(/f d
o i

Slides 32 to 34 provide the formulation of the beam problem.
I'll cover it later, but it's good to read it and see how the
essential and natural BCs are divided

WRS and Weak statement:
ogid Rodd  Sewed o (NRY)

R -GEanN
\
Y Fr T
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=y —

- "

W< V\.,"u

M gy 197 o\\mo}\‘h

RmQ‘ A/ (Mn | o

ME517 Page 49



|

jm\f{u é\/W+ 8@) R ds +§wR£JS,O

¢D \NQ\"()\A \
30, | 3o
o—% T e s 100 prlle L\b/ b e
Ruzf - ?ou\%\ko o Re b <0
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the middle term (integral of residual on essential BC)
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When we go from WRS to weak statement we only limit
ourselves to weight functions that are zero on essential BC. 3 \
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Key points for the weak statement:
- Derivative orders are balanced for weight and solution
- Both w and u satisfy the essential BC.
For solution the actual essential BC
o For the weight, the homogenous (e.g. 0) version of that.

2D examples:
1. Elastostatics (in class)
2. Heat conduction (HW2)
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The process of deriving the weak statement VP
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The process of deriving the weak statement })a;
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Compare this with the WRS:

A 12

.
t specified
f t t t a
. u specified
IDT 4 = u st ngly d
The Weighted Residual Statement reads as,
; JWRS __ @D ) =
FindueV ={ve ) |Vx € 9Dy v(x) = u}, such that, (66a)
w JWRS _ & no need to enforce the homogeneous essential BCs for WRS  (66b)

(66¢)
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(66¢)
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Q: distinction between weak and strong

o
©
<
]\

P u .\]l('l'iﬁll‘d E
v u = u strongly I \A A
Avly Wy o pron
The Weighted Residual Statement reads as, e SN ¢ U Pl .
A R
Find u e YWES = (v € C*(D) |vx € 9Dy v(x) = i}, such that, (66a)
Yw € WWRS _ C"(D) no need to enforce the homogeneous essential BCs for WRS  (66b) ,R Q J.B
\ + ~€
0= / \\"(V'.(r+pb)(,l\‘+/ w.(t—t)ds (66¢)
Jp :/ oDy ‘b
ikl ug g5

Strong -> the equation is satisfied at all points
Weak -> the equation is satisfied in "integral" form, where a
weight function multiplies the equation

Specific meaning of weak statement -> The great looking :)
equation we get after "integtration by part" of the WRS

Weak statement is much better than WRS because the solution and the weight have the same regularity requirement and this enables

continuous FE formulation.
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A brief note on how to satisfy the essential boundary condition for the solution and the homogeneous version of that for the

weight when dealing with the Weak Statement.
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Energy Method for Solid Mechanics

The total energy ip solid mechanics is,
W\
=0~ w) -7 4 Total energy  (85a) T °°
- \aw.’w‘wj\
T = / —pv.vdv = Kinetic energy _(85b) '
Jp 2 =0 Lor §f‘d\

( |4 —/ (¢) dv = Internal energv\ (85¢c)

W Wy )&rternal work (85d)

/ (85e)

‘l\*{

()
6 M
\sﬁ . —

e 55, 55{

Wy = /p "@AXS (85f)

@ For static problems T'=0
@ Internal energy density, e(¢) = ,r ro(e) = ( ijki€ijert for linear solid.
@ Natural boundary forces are naturally |ncorpor1ted into the energy (Wy)

@ Essential boundary conditions are incorporated into function space:

. {an& emp Ay

s 2D sty
L s,d. Ls
7556 2 )

Siffng 25 Mty

ueV={v|veC(D): ¥x € 8D, v(x) = ii(x)}, is a solution if
Ya eV, I[I(u)<II(u). (86)
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A function of a function is called a functional.

1. Useful links for energy method (not necessary to apply energy approach in the derivation of weak statement) - link Functional optimization: How an equation for
first variation of a functional (e.g. equations 93,95 on slide 78) can be derived. You clearly do not need to read this document for this course and this is only
provided as a related material for students that want to understand the logic behind the derivation of equations 93, 95. - link Exact calculation of total, first, and
second variations for a simple example: In this document the total variation of the energy functional for the bar problem is directly calculated. The first and
second variations are directly obtained and higher variations are zero for this simple functional. It is observed that the first variation is exactly the same as what

we would have obtained by equation 96 on slide 78.
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From the last time, we had the potential energy statement for the bar problem shown:
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1) Look for minimum potential energy condition.
2) How the essential boundary condition is treated
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Similar to functions of real variable above, if a functional is mimimized for solution u, we have the following conditions:
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Recall: In the derivation of the weak statement (from WRS) we needed the weight function to be ZERO AT ALL ESSENTIAL BC

Do we have the same condition here?
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In energy methods, ALL TRIAL FUNCTIONS must satisfy the ESSENTIAL BC (hence the name)/
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The problem here is that ul is not acceptable.
Acceptable trial functions MUST satisfy all essential BCs. Otherwise the exact solution does not minimize the potential energy.

Summary:
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Automated way of calculating the first increment -> So we can easily calculate it and find the weak statement. p&@w)d’)
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1D version of this from slide 76
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First variation of a function / extremum condition

Let f(x) be a function from R — R (R is the real number of = f'(xzo)Ax
set). We are interested in finding the increment to the A X i
function value due to change in the function argument zq: .’.\; gj(_'“ + Az) — f(20)

xo — x0+ Az : f(xo) =7
3 Af

We adopt the following definitions:
@ Total variation: A f(zo, Az) = f(xo + Az) — f(xo)
@ First variation: 6 f(xo,Ax) = S—L(.Tu)x’_\;l' F(x) 7y
xr - T

We often drop the arguments zo and Az as shown. For a
differentiable function we expect:

Af = éf for "small" |Az| >
To
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