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Weak statement from the energy approaches matches the weak statement we derived from Balance law -> WRS -> weak statement but much
more directly.
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Clearly, the integration by parts of the weak statement gives us
the WRS and from which we derive the DE and NATURAL BC

For more complex problems (e.g. gradient elasticity / higher order beam and shell models the energy approach provides complex "natural"
boundaries.

For a more interesting problem about this see
Energy method to Strong Form and Boundary Conditions

We realized the convenience of energy methods in
deriving the weak form in one step. They can also
be used to strong form and boundary conditions by
the common approach of integration by part
(divergence theorem in D > 1).

The weak form from (107) is:
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Two consecutive integration by parts yield:
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Energy method vs. Principle of Virtual Work

VirtuxI;Nork is even easier than energy method to derive the weak statement
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Energy Method vs. Principle of Virtual Work

@ Principle of virtual work or virtual displacement in solid mechanics states that if u
is the solution to a boundary value problem, the virtual internal and external works
produces by admissible virtual displacements du are equal.

@ Virtual displacements Ju refer to displacements that are zero at essential boundary
values (so that solution displacement plus virtual displacement i = u + du (cf.
(79)) as another admissible trial function also satisfies essential boundary
conditions).

@ Virtual Displacement/Virtual work is basically the equation we obtain by
minimizing the energy function 417 = 0.

@ Similar principles (virtual temperature for heat flow in solids and virtual velocities
for fluid flow) are also directly derived from 617 = 0.

@ While principle of virtual work can be obtained from 417 = 0, it is often quite easy
to directly write and equate internal and external works for a given problem.
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Virtual work: 1D solid bar

Natural boundary

Equation (98) can be written as,

Find u € V = {v € C'([0, L]) | v(0) = @}, such that,
Vou € W= {v € C'([0,L]) | v(0) = 0}

%4 F(u(z))
L o, e e, L N
/ Su'(z) EAY (z) dx = / du(x)q(x) de + du(L)F (109)
0 Jo
Virtual Internal Work Virtual External Work

Note that the internal work differential is:
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DISCRETIZATION

Discretization: Going from continuum (infinite unknown) statement to "discrete" statement wherein we have a finite number of unknowns
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Numerical Example
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