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Truss Example: Reaction Forces

L

fit = —0.5714

> = 05714 e

biie = —0.4286

-
fi% = —0.5715

f3' =-04285 =

|
g

> n

=0 - f77 = 05715

@ First, we compute reaction forces by adding up forces from individual elements
that contribute to reaction forces:

R = f{' + f{? =0+ 0.5715 = 0.5715 (397a)

R} =f8 + f{* =0+ —0.5714 = —0.5714 (397b)

R = f{' + /57 =0.4285 4 0.5714 = 0.9999 (397¢)
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Truss Example: Observations

@ The fact that our free dof forces in (398) are the values enforced is a
necessary (but not sufficient) check on the correctness of our FEM
solutions.

e We observe that exact (direct solutions in (399)) match our FEM
solution in the last table and (397).

e The reason FEM and exact solutions match is that FEM shape
functions (linear displacement within each bar) can capture the exact
solution. In general, whenever, FEM approximate solution space can
capture exact solution, FEM recovers the exact solution.

o Small error between FEM and direct method or about 0.0001 errors in
some reaction and sum of forces in FEM method are finite numerical
precision error which are different from discretization errors caused by
approximating an infinite solution space by FEM shape functions.
The former is caused by working with finite number of digits in our
calculations.
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Review: Euler Bernoulli Beam, Strong and WR statements
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Sample Boundary value problems: Euler Bernoulli beam
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VF-r =0 Balance law o -
M S--V =0 V
F = “. Flux e g =0 7
dz Te
r = ‘q Source term = (28) J
2F 2
M =ElIk Constitutive equation d°El (d_") —g=
K = 2y Kinematic compatibility dz? \dz? oy
dx2 (?/SSM (GO ‘6& 4 i(,(“
where \ \3 ( O
M = Momentum ‘ ( k@h@m;\ c
V= Shear force M 1 M + dM \
q = Distributed load | ”” ”“ :
E = Elastic modulus l CI 2
I = Second moment of area M
# = Curvature T - dx V+dv ":,((_&A\:YX N % Q\
y = Vertical displacement V ///
: S (Ergy
4X 9
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See slide 44 and after %: \/ —*\/

Dropping the WR term on Essential Boundary 0D,

We noticed that in the original statement w € C3(D) because of the weighted residual term on
the essential boundary dD,,. Suppose we could modify the weighted residual to (dropping the
integral on 9D,,).

vw e WWHS ,-/ w.‘R,d\--f w.Ryds=0 (42)
D (.F'p_r

We will shortly discuss what the space WW RS would be. The weight and residual functions are:

Term Domain Weight Residual
function | order | function [ order
Interior oD 0 R; = 53 '\’E‘IFJ —q | 4
’ .| =t 1 o _ | M —My) 2
vt [0 [ wo= L] | [0 ]| % = o] | [5

@ What is the maximum derivative order for trial functions? 4 for the R,;.
@ What is the function space for trial functions? C'*(D).

@ What is the maximum derivative order for weight functions? 1.

@ What would be the function space for the weight functions? cly(D).

@ Trial and weight function spaces are y € C*(D) and w € C1(D).
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@ What is the maximum derivative order for weight functions? 1.
@ What would be the function space for the weight functions? C'!(D).
@ Trial and weight function spaces are y € C*(D) and w € C'(D).
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Weighted residual statement to Weak statement

aD, — E . / M

Essential boundary l‘> Natural boundary
6= y, = g :___________' oD
y=y ¥ o

Since we strongly enforce the essential boundary condition, the weighted residual for this proplem

simplifies to: A S Con QU\

. i | ds
— _dw M -
T T () o) e+ [ ]

= o w (& (Efj—j;) —q) dz - j—;ég\s M)l L

Jows (Erdy cl.r=f[':“[ :—jg]d:-i-[u,—( Ij—ig)]u E
C T =, ()L dr + [u-'l-"(y)“i:n - (EI%%)] |;§{fl =0

(55)

w(V = V(y))le=t

D
2 Sﬁ 52 /457
Plugging (55) in (56) yields,
0 =fuw(i (EIE{(-) q) dz — $£(M = M(y)le=t + w(V = V(y))le=t
= {_ro’ [j;': EILy »uq] dr + [u" (v)] - rM(_,,)] |IT0}
— (M = M(y))e=t +w(V = V(y))|2=L &)
= fo dT’IEl—?—“(I] dr
wV(y) — $EM(y) - $201 - M) +w(V - V()]
= W e dlr‘
{u\ (y) —d;.\l(y)}::o
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Weighted residual statement to Weak statement

This equation simplifies to
oD, Essential boundary

Lrd2w _ d2%y dw 2 0=y =0 y=7
oz/o [FEIP _u-q] i {—E.\Hw\ }I:L (58a) ¥ )
d - ~__ ]
+{u'(\'(y)—\‘<y))—i(\1 (y) — \I(y))} (58b) l>
z=L

v
Natural boundary dDy

_ {,,-ny) . #Auy)} (58¢)
- r=0

Above was the process of forming residuals, multiplying
them by appropriate weight functions, IBP twice -> weak
statement

o&W [@D
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Example: Euler Bernoulli beam

(
N N
v (L
“ssential boundary T N 11 1

l i vatural boundary
' 1| «——

Yy = : == JD

Y " : > / % <ﬂ,

We determined the internal energy of the beam to be (cf. (85c)),

L
o v —_—— T LT Yy
con [ gema) o [ ([ OS]

;2 dx?
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Conventional (continuus) finite element methods:

Strong Form order M = 2m =

Trial functions are ¢!
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FEM formulation of beam elements: Shape functions

L [ g1

@ From (417) and (418) we get:

Ni(€=-1) =1 SPE=-1) =0 Ni(§=1) =0 d‘\é‘(ﬁ_l) =0
Na(=-1) =0 f E=-1) =4 ME=1) =0 42E=1) =0
N3(=-1) =0 —d’il =-1) =0 N3(=1) =1 ‘—'3@1(5—1 =0
Na(e=-1) =0 9N dEE=-1) =0 Ny(¢=1) =0 ‘“4(5_1 =L
(419)

@ Since each N; has four conditions, we interpolate them with cubic polynomials:

r
i

dg

N;=ag+ 1€+ 0262 - 03{3 = = a1 + 2a0€ + 303{2 (420)

«; are determined from the conditions in (419).
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FEM formulation of beam elements: Shape functions

Ni€=-1) =1 Qg — oy +ag — 3
3
dVl(g—_l) =0 a) — 2ag + 3ag —%
Nl(ﬁ—l) =0 ag + ay +az +ag 0
SE=1) =0 a1 + 2a2 + 3aa 1
Ni(€) = 5(2—3£+£3)
@ Similarly for Na:
d§2(§=—1) =(:= g — al + a2 1 ]
FE=-1) =% -1
Na(6=1) =0 ko + a1 + az + ha -1
PE=1) =0 at + 2a3 + 3fa |
LC
Na(§) = = (1-€-€ +€%)
347 / 456
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FEM formulation of beam elements: Shape functions

= Shape functions of node 1

SlODe.*O\
l\[
slope =10 slope=1 slope = 0
s
*———— 9 .L—.
gl=-1 _’( 2= Elz 1 _.E £=1
re 1 . e 1. p
Ni@©=,0-9%2+0 N3 = g(1-67(1+8)

= Shape functions of Node 2

’ v I
N5© =50 +6%2-0 N{© = s +0%-1)

figure from F. Cirak
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