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Calculating the stiffness matrix for the beam element
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@ If E and I are constant, we can

take those out of the equation and have:
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Beam elements: Forces: A. Source term forces

C\@ {\/LU )x 9 M@

(427)

{
M | Nay =
S >

3 \ 14) (qt
\ N

£

\ ¢

=\ \ \ N %Ag \ }t\
Q jr N’i ~ N\kﬂ
fooa ANy e =

Ng
A Aulf)
—|
¢ q Ve
f \@) S \W T M el
NN

q2

ff ~r® [‘“} where r¢ = L° |:

(433)

g PR
B S
Y
L
R L
M LI
z
C,T% A kg

ME517 Page 2

Sx

N(§) U\l& NS M L,

Aol




CT%J ‘\o\a\&%g/ : R r

i v DI

,(:(% W = \)\L}

1./

)

M@( TEMN sddie e meed o sl vﬁr feas o

P wedss Yo hove va? lvoagm ool%L\ Suy(e Ferm f,
\\g\@@/ \GRQNQJJ 229

2 NN\, ‘ A
i \
N R NP RN
v L W & Ly
S 2 (g ® 9
N TSGR
e x
Ma — 3 —h—>
Ny ¢ (€
’ [\ &c@ 5 N
& _—
Y )
N\
) N, M N
5 © %V o
Na. Na.
™o
=

. S
y©

I ?c:xc}\(csa, oo [l e\ A dommany, g

\ [ G\ |



R
]
] W "
\ 1 3 ‘
| 2\ P
g T
L AN
El El=1 -
P n
n" ' 22 ¥ = 13
I Y
= () ;:ll_ x % .r=1’
dof 3 — UI>‘” s [>ﬂ: . ﬁl>ﬁ; =10
sy = i av Foa=10 A F,lig
forces Fos Foy= 1 F.3 .
Ry =
< -
¢ ;w N 5 b 4T
Qomo — g\ ne >3
120 ’% T o
M \»23 (R J'z 0\* —\On/
e Ds ¥23) i {1,%)121
BRI o+
K . -
o& Q/\M
bal, Senan\ oo ‘:\'SSM/C
12 6L —12  6L°
ke — g 4L°? _fé‘P E‘E;,] for constant E and [ (427)
sym. 4L<?
A\ o
— ~ 1 z
Qﬂazs{, y Ho Lo L%

ME517 Page 4



12 3:-12.'3 12 3::12:3
31 305 L€ _ _a 3 1 -305
ke i 1923010 3 = .{# -12-3 12 -3
05-3 1 = C Ha
23 2 3
i 96 4 9624 19248 -192 48
24 4 4816 -48 8
96 2496 24 -102-48 192 -48
244 -248 488 -48 16
\ B . B j
M24 Ul LU )’\Q,Lz/’sz's}
v
Y
( — 24 4

= 96+192 — 24448
- 8416

8 —24
- 288
Sym .

Ve A
@i%QGX
D %\wmw\
MQ“ET,\/‘),VB] ﬂf’\ . V(o ©
/‘

2%% wd g ,\/,

0000

“ ‘mo o frer &Kg
gr - <~9\\ (§ 20) 1\\/{;
M <sw =\

AN

ME517 Page 5



~
It

T g
c\‘2 S D) Q 4
T
f‘c (440) (1st eqn]{£ = 0) equation (433) rF :ql (j-le
r N€1 ¢ 1 7 3 3
1 (So) 12 : _: -_\\ln glu 4
N €1, = | —
v JV,) -En] R 2 1 - 8 1 'H] G0 ] N 12
N &1 Eol = s e T —_1 2 = - 10| — Il
% 0 1 20, 20, 1
N ~1 _ 2 i 1 — 1 _1
4 -Ell] ] 8 60 40
f_e, kelule = k(‘zaf =
Df. 96 24 -96 24 0 1o 192 48 -192 48 @ _}
24 8 -24 4 ) 0 48 16 48 8 fT_I]“ -
-06 -24 96 -24 @| = 0 -192 -48 192 -48 Too - 1
|24 4 24 8 o 0 48 8 48 16 [ 0 -1
4

00 |iais |GLO | bbb |~

_/h

ME517 Page 6




| Gooo |
e———r

= . 00607

—.0022B71|/ 456

. 023434

G _.00%23" 0 - \\7?/
'P\Q)N\o\\wij »Q\\W?J Q&Mﬂé\ sWue s
K wmgg(\ fov s
\:{;’P
— B
© U F calwoh T c
], Se\\j\‘\" 9 NS
0.2;54‘7)
ERLURY 10 «eg= 9
F < >
| ]
a[ s _‘.OO%%'L %‘* (%'Z,
%9 F
b bl
Q) noaed st 1Y ml
Qs O G XtS “ @ Sw(@_, ku~ (:5
N e
a
o0 :

Gy O\ < \»00%31
&

ME517 Page 7



W
[ 192 48 -192 48
43 16 -48 8
-192 -48 192 -48
48 8 -48 16

'Yc 5 \g—c

@) fo |

;5 gX:’_ga ()

| 4 F w_ff

N i T L
e

L

23 quation (433); r© [ Q4 Qs "

G012 3 - 3 -

3 ) [ 0 20 4

1'[' 1 10 60 {::J 12 X z

192 | v_u] El 11 1

0 {_ 60 o 40 __ 3




Beam Example: Resultant nodal forces
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@ Prescribed forces F, (Reaction forces):
e 125
Far=f" = T2 = 1.736111 vertical load at the left support (442a)
i
o 89
Frny = f3* = —— = —1.236111 vertical load at the right support (442b)
Frng = sz — —— — _0.0972222 CCW moment at the right support (442¢)
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Beam Example: Calculation of ¥, 6, M,V within element

@ After the solution of global free dofs, they are transferred to elements.
@ Once element dofs are know, we have the Displacement in the entire elements:

y(€) = Ni(€)af + N5(€)a5 + N3(€)a3 + Ni(€)ag.

element shape functions are given in (421).

@ Rotation: Obtained by differentiating previous equation w.r.t. = & noting that ':E = 12:
d
dy &) 2 [dNg dN§ . .  dNg dNg
0(&) = —(¢) = =—J_ — . £)as 4l e __4(8)aS
&) =3© % L‘{ aé (£)al + T (§)as + T3 (£)a3 + pT: (\)Lu}

@ Moment is directly obtained by differentiating the above equation:

d‘l
(&) = E@©)I(¢)B(8)
dx?

= E(&)I(&){Bi(£)a] + B5(£)as + B5(£)a5 + Bi(£)a3} cf. (424) for B®

@ Shear force is obtained by differentiating M w.r.t. z. It's a similar process to deriving 6
from y with the difference that if E] are not constant we need to take it into account.
For constant E] we have:

dM

M(&) = E(§)I(§)

oo dM - e &)  2pr (dBf  , dB§ ., dB§ ., dBf _ .
Ve =T ©= 50~ T {di (€)a + 2 ©as + 2 (€)o5 + 5 (f)ud}

@ To obtain these fields for the entire beam we evaluate these equations for all elements.
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Figupe 3: Frame and truss example.
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(d) Obtain displacement (y). rotation (6 = %). and moment (M = EI g) for the frame el-
ement at x = 0.5. Note that y(§) = Z',‘:l Nf(€)ai. Also, since B = d(;—lr\'_r = M =
EIY ! | Bf(€)aé. (30 Points)
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