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(b) Weak Statement: Noting that w (V.q) = V.(wq) — (Vw).q (or alternatively w (V.(kVT)) =
V.(wkVT) - Vw.(kVT)): ;\'
i. Use the Gauss (divergence) theorem to transform the weighted residual statement to the

weak statement.
Hints: 1. It is better to keep the heat flux q all the way from its appearance in the WRS
Jpw(V.q—Q)dV to the form in the weak statement and eventually expressing q in terms
of the (gradient of) temperature. This makes the process cleaner;
2. Make sure in the WR statement Ry is added with the right sign so that boundary terms
generated by wq term cancel some of Ry terms:
3. After the application of Gauss theorem some boundary terms are generated on 9D,,.
Make judicious choice for the spaces of the functions 7" or w so that those terms would

disappear.
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Please read slides 51 to 57 for the beam problem (WRS -> weak statement)
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Weighted residual statement to Weak statement

To demonstrate the process of deriving the weak statement from the weighted residual statement
consider the following problem:

aD,

Essential boundarx Natural boundary

oD,

oDy = {L} (53)

Essential BC residual for D, = {0}

As mentioned previously, we want to drop the weighted residual term for essential boundary

condition (why?). Accordingly, we need to strongly enforce the essential boundary condition

(This is why this is called “essential” boundary condition). That is, we require:
Ru=[;:z]=o at z =0 (8D.). (54)

51,456

Weighted residual statement to Weak statement

, q
JaD, ~ S A M
Essential boundary l Natural boundary

0=y =0 aD;
y=y

Since we strongly enforce the essential boundary condition, the weighted residual for this problem

simplifies to:
0 = [puwRe(y)dv + [pp, w!;’/!ﬂ_\
dw M-M
dr + [ ] [ =Y ] |.1.-=L (55)
N ) dz — 92 (N — M(y))|e=t +w(V = V(y))|e=L
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Next, we tﬁ:fnsfer derivatives from y to w (trial fg\ction to weight function)., We note that

H\/\_/-‘ =~ _—
(B = [ [——-—“—EI (8] dz+ [t (B1SH)] 1225 . < =L
= [ d’;' Bl + [V ())izzh - [42 Ezgg =

N J
2/ 456 \/:&\K{\‘\tg&x’ al

2 = N\
</ ( P >
D, alle L
Essential boundary > Natural boundary
y=yY ‘; '

Mg (55) in (56) yields,

=N 2 R a
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Plu;ﬁg (55) in (56) yields,
A=

J
= i w (EPEILY) - q) dz — 32 (T - M=t +w(V = V(y))le=t 1
SO - %}El‘—’g —wq| dz + |wV (y)] - %M(y)] ;;{;}/—7 T XQUNS {g .
Sd% =W — M)l + u(V Vi~ -
= =Jo [ ElGE —wa| d= K
SO

+{wV(y) - EM@y) - 201 - M) + w7 - V(y))}

~{wvi) - d=M)} o

53 /456
Weighted residual statement to Weak statement
This equation simplifies to
Essential boundary
Lrd2w  d2y dw _ 9=y =0 y=73
O 4
+Jw( V(y) - M) — M) (58b)
T z=L
- Ao [(y)}.r: (58c) Natural boundary 9D,

Noting that M(y) = El%& and V(y) = ad; (EI 3—2'}) (second and third order derivatives in x):

df\&% \(d}( ﬂ@@ﬁ %d
Essential boundary condition

We mentioned that the essential boundary condition is strongly enforced (That is, it is an “es-
sential” condition). The essential conditions (54) require,

6—6
y—y

(7

‘Ru=[ ]=o=» {%f:_ },atr:O(&'Du) (59)

oD, Essential boundary
We discussed that to annihilate the high order derivatives of y in dEy=e ¥l
(58c): Lo v>.u

dw
- {"’V(y) - EM(!I)}
v

Natural boundary  gp

z=0

we set the corresponding weight functions identically zero:

{ %’:O" } at z =0 (8Da) (60)

Summary

@ Trial, y, (solution) functions exactly satisfy all essential boundary conditions.
@ Weight, w, functions exactly satisfy the homogeneous essential boundary conditions.

@ If both conditions are satisfied we can form a weak statement that requires only half the
highest derivative order. In fact, this enlarged space of functions is the same as the space
of the original balance law.

Weak Statement (WS)

(m.,\d N e rl l()n\”
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Essential boundary I l Natural boundary a 6

0=y = 0 V Dy
y=y r 4 > i . %\
The weak statement for t}\le Euler Bernoulli problem and the BCs in the figure are: . SO\ l/‘ ~ %Q’\%}k}\
TN | hore e samt
: Vo (o =3 o) =a
Findy €V u(0) = §, -—(0) =8}, such that, (62a) N&J\My
) du
Yw e W u € C*(D) | u(0) =0, —(0) =0} (62b)
" = st
0:/ ‘ wq] d.r-f—{—g)\_l-%w‘?} (62c) g\o ’\N‘? S 7
0 dx z=L

b Bl i

@ Both V and W have the same regularity (C™ (D)): m = M /2, M = 4 is the order of the differential equation. £ gc
@ The less demanding regularity conditions for the solution compared to the weighted residual statement
(CM (D) - C™(D)) takes us to the same function space needed for the balance law (balance of linear and angular 8)(0) :.gd
momentum for Euler Bernoulli beam. /) o
@ Both V and W exactly enforce the essential boundary conditions, with the difference that W satisfies the homogeneous \A(D\ 49
version.
57 / 456
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Compare this with WRS which is often not a good choice for solution

Weighted Residual Statement (WRS)

oD, 4w
Essential boundary J Natural boundary

=y =0 : v o
y=Y C >
The weighted residual for the Euler Bernoulli problem and the boundary conditions in the figure
are:
Find y € VYWRS = fl e c*(D such that, (61a)
Vw € WWRS eous essential BCs for WRS  (61b)

-f wyR(y) ds F____\Jlﬂﬁﬁ%__gg, et
; i L
A - q) dr — (%(A—I ~ M@)ozt +w(V = V(®))lo=z  (61c)

2 dw
= ) 3
D
So in ond version of the weighted residual statement, we no longer enforce essential

boundary conditions weakly. The typical practice, like here, is to enforce the differential equation

and natural boundary conditions weakly and the essential boundary conditions strongly.
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Discretization & solution space
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Discretization & solution space
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