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Problem description, slide 253
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K and FD are calculated. We want to calculate source term and Neumann BC
We break the source term to two parts:

1. Distributed force -> Fr ~
2. Point forces -> Fn
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From (312a), no ny no xr
N, flz Ni(z)q(z) d= »[q Ni(z)q(z) dx + j'(g Ni(z)q(z) d=
F, = /'L sdes [l; Na(z)g(z) dz = J‘fz N2 :7 q(z) d=
0 } ’l), g(z) dx 0
Nong Jo Na(=)g(z) d= 0
12 ((2).(0).(2) + (2)-(1).(1) 4 (0).(1) 4 (1).(2)) + 242 ((2).(1).(1) + (2).(0).(0) + (1).(0) + (0).(1))
- 12 ((2).(0).(1) + (2)-(1).(0) + (0).(0) + (1).(1))
0
0
= 1
3
I
Fy= |12 (317)
0
0
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In 1D problems, Neumann BC will be a (collection of) points
So we treat it as a point force
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Bar Example: FEM Solution
™ P roTVs N 4
n
eaSE=2, w\ ' :f\ Ny
4
o From (311) we have e eee UL(“ \ dy(m v 5’\ a; IV, CV\VIJ
=Fy N+EFan—Fp
@ Obtaining the individual values from (317), (318), (319), and (320) we obtain, . Q{[_\{-\C@J / N
1 0 0 0 L
F=F,+Fx+F.-Fp= ||+ 0| + ]3| - = |7
0 0 1 0 .9 +d N, ( G
H H (‘J H } ESO) ﬂrm@}l
@ Recalling the value for the stiffness matrix (316) and Ka = F we obtain, ©
4 -2 0 0 41 437
[ ! 0] H [% = Oy
K= 1, F=|7| = |a=]|% (321)
sym. 4 -2 5 =5
' 2 1 &8
= 1 244
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Bar Example: solution values

@ " and u match at all nodes no,n1,n2,
uniform AE and does not hold in general.

Bar Example: error in solution values
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@ As mentioned before, the solution error at all nodes no,ny.n2, 7, and n is zero. This /Q,\‘j
does not hold in general for FEM method. ?"\
e-Clh
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Bar Example: solution derivatives (o< axial force)
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@ The errors in solution derivative is larger than those in the solution itself. In general, the
accuracy of FE solution decreases for solution derivatives (e g., strains, stresses, etc.).

solution is piece-wise constant in H‘([O 2])
@ Even the exact solution exhibits jumps in j—: at n1 and n3 from the concentrated forces.

@ The H'([0 2]), rather than C'1([0 2]), is the right solution space for u and u” as none of

them belong to the latter space.
264 / 456

Global shape functions to element shape functions

1. Ni N
N (x) X
..... N
: :

@ Finite Elements are the domain subd|V|5|c>ns that are used for the construction of the
shape functions

@ Restriction of (global) shape functions to elements form the elements’ shape functions
(local).

@ To distinguish element level and global level quantities, any element level value is
decorated by (.)°.

@ Local node numbers in the element start from 1 to number of nodes in element =, and
are denoted by n{,... s M

@ Similarly local dof start from 1 to the number of dof in element nf ..

@ For example in the figure both ny and nj_. are both 2 and the range for local node
number and dof is from 1 to 2.

@ Element shape functions satisfy the condition,
Ng(n5) = ;5 (325)

@ More generally (e.g., beam elements), shape function i has a value 1 at dof ¢ while has a
value zero at all other element dofs.
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Calculating the stiffness matrix using the element-centered approach:
o
oo
S N,

" e\ 2 r3 °
o n
- 1 dx %B 1\« N le
) 2 e
~—— L 3

hm V\\ n VL;
> v
~ -F 7 R Pu B
y - 3
)\/ 727 AN} ZV_,_J
R

- Q W‘L\VO B B ol - B

MES517 Page 8



(e

=)

&)
| | o 920
<= 7 | 2\q U Lol o
v 0o 0sg
Local approach (element-centered)
o5 A BI B’.’ [3;; [34
= €1 z=3€2 g —1€3x=3 z=72
r=0%0 n no nsg ny
‘_)_: _________ S —— —, -
By B, By Bs
k= [ BT EAB4z = [ BFAB4z+ [ B'EABUx+ [ B'EAB4xz+ [ BTEABx - (@1
Je. BB, dz o0 0 Je B..B, dx Je, B1B; dx 0 o
O, { ' 0 o of . ) ], B,B, dx 0 nl
sy m 0 o sym 0 o
o 0 0 (1) o 0 0 0
[ 0 J., B3B, dx [o. B3 By dx u] [ 0 0 0 ]
+ leoym J.. ByBydzx ot |om Je, BsBydz [, B,;B,dz
0 Jei ByB, dx
1. o o0 0 '— —2).(—2) 3.0~ 0o O
[ 3 o 0 8] ‘ 0 :; 3 [; }
+ |om o| t |om. 2 2).(2 =
0 2
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Local approach (element-centered)

B, B, B By
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o i TETTOP o A —
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K™ = sym 0 0 K™ = sym
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sym 2 0 sym
0

MES17 Page 10

M A
en

—

272 / 456



