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Final step of the last example: Calculate the reaction forces
I'll only do the element calculations for e3 here
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We can do this process for all the elements to get:
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Truss Example: Reaction Forces

N 0.5714

0.4285 f 0.5714

4 - -

fiT=0

g ' J =-05714
@ >/ 0.5714

1

P €
< Ares = 0428
-

f5* = ~0.5715

@ First, we compute reaction forces by adding up forces from individual elements
that contribute to reaction forces:

R} = f{' + 2 =04 0.5715 = 0.5715 (397a)

R} =f3+ f{* =04 —0.5714 = —0.5714 (397b)

R3 = f{* + f3* = 0.4285 + 0.5714 = 0.9999 (397¢)
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Assembly of free + prescribed dofs vs. free only

Assembly of free + prescribed Assembly of free only

o All we covered so far was the assembly of free dof only.

e We can assemble all dofs (free + prescribed) as shown in figure on

the left.
@ The numbering of dof when assembling free + prescribed dof is .
exactly like before with the difference that N
we first number free dof followed by prescribed dof as shown in @‘)‘\ a {'“J\'

the figure. For each group (f & p) we start from node 11 to ny,,,.
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Beam elements: el

Example of higher order DE
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FEM formulation of beam elements: Shape functions
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We see that the geometry (x) and solution (y(x)) are both interpolated by shape functions, but for x NL (order 2) for
solution N of order 4 is used.

Now we want to derive formulas for N1 to N4
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FEM formulation of beam elements: Shape functions

NME=-1) =1 WMie=-1) =0 M@E=1) =0 PiEg=1)
Np(§=-1) =0 (E=-1) =1 Ny=1) =0 <R2(¢=1)
N3y(¢=-1) =0 Eﬁ(s——l) =0 N3(¢=1) =1 jq—;(e=1)
Na(e=-1) =0 4(e=-1) =0 Ny(6=1) =0 F2(¢=1)

=0
=0
=0
=1
(417)

@ Similar to bar element, since N; are expressed in terms of £ we need to transfer %—V—l to

dNa (cf. (415)):

3

dnN; e .
dr = L2 dV: _Zae | dNe_ 2 dN 0 dNe DTN |y
2 dz ~ g dr ~ Le d¢ d¢ ~ 2 de
345 / 456
FEM formulation of beam elements: Shape functions
@ From (417) and (418) we get:
Ni=-1) =1 SaE=-1) =0 M(E=1) =0 2PE=1) =0
Na(=-1) =0 P@e=-1) =4 ME=1) =0 P¢g=1) =o
Na(§=-1) =0 SG2(E=-1) =0 Ny(=1) =1 2R2E=1) =0
Ni¢=-1) =0 2aE=-1) =0 Ny(€=1) =0 YaE=1) =4
(419)
@ Since each N; has four conditions, we interpolate them with cubic polynomials:
N; = ap+ a1€ + 2262 + aa€® = % = ay + 202 + 3a3é? (420)
a; are determined from the conditions in (419).
346 / 456
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FEM formulation of beam elements: Shape functions

! 0 ¢ 1
@ For example, to determine N1 from (419) and (420) we observe:

dgl@:_l) =1 ag—ay+ay—ag =1 a@g ’:‘3
qzl(§=—1) =0 5 ay —2a9+3a3 =0 B oy | _ | -7
Ni(é=1) =0 ag+ay+ag+ag =0 g - 0
dT’ZL(§=1) =0 a1 +2a2+3az3 =0 ag 1
1 3
Ni(§) = 1(2-35'*5 )
— @ Similarly for No:
No(=-1) =0 — = =
N (€=_1) L ap — a1 + a2 —a3 9} ao . 1 Okv) Q )‘
qgl(f ) 5 = ar —2a2+3as = G5 5| = = _11_ -1 O< L -
dg2(€=1) =0 ap+aj+az+az =0 ag | T 8 | —1 \ c = V\
EE=1) =0 | a1 +2a2+3a3 =0 ag 1 O(z g |
Le 2 3 D(g
Na(§) = 'é*(l—f—ﬁ +£°)
347 / 456
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FEM formulation of beam elements: Shape functions

= Shape functions of node 1
slope = 0

h
\slope =0 slope =.1/ slope =0
—e *
El=_l ¢ > 52_1 $l=“1 _E’ E?.—_l
re 1 re 1
Ni©=,0-82+¢) N3 = g0 -9’1 +9)

= Shape functions of Node 2

g =-1 — =1 == — £2=1
(A re le
N5© =30 +8%2-9 N{© = ca+0%€-1)

figure from F. Cirak
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Now that we have the shape functions, we can calculate the stiffness matrix
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1 1-1%'3{

k= o s | EOIEO) [§5 -1+3¢ - 1+3¢]de|  (426)
-1 —Te
1+3¢

@ If ' and I are constant, we can take those out of the equation and have:

12 6L° =12 6L°
. EI 4L¢? —6Le 2Le?
ke = I3 19 _6Le for constant E and I (427)

sym. 4L¢?
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Beam elements: Forces: A. Source term forces

linear (approxin

q

ation) g

0 q |
P
then the source term force is: - T ¢
1 €
f¢ a f_l Ne(g)T.(}(g)%dg =r° [g;] where
L 12-3+¢%
e e/e\T Le T(l -£-£€2+8% 1-¢  14¢
/ Ne (&) T.Nj, (€)de = [_1 Lo sy | [ 5e =
F(-1-¢+€+¢)
i 3
;B
ff ~r° [g;] where r¢ = L¢ | 20, 30, exact for linear g (433)
_Pre _¥.
30 20

q1 and go are shown in the right figure. For constant ¢(z) = q, g1 = q2 = g, from (433) we get:

gLe
q o
h=r [q] =| a*

4 e2
gL
12
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constant g(z) = @

~—

—1
(434) ] \_X
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