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Frames: 2D frame elements

* Beam
— Vertical deflection and slope. No axial deformation
» Frame structure

— Can carry axial force, transverse shear force, and bending moment
(Beam + Truss)

+ Assumption

— Axial and bending effects
are uncoupled a, i,

- Reasonable when deformation _ iy b,
oo 'y TTITITIT]

* 3 DOFs per node e Tl
{u;, v,,6.}
* Need coordinate transfor-
mation like plane truss
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source: Nam-Ho Kim, Raphael T. Haftka; http://www2.mae.ufl.edu/nkim/eml5526/ sec. 5
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2D frame element: axial and bending stiffness matrices

Axial deformation (in local coord.)

Al 1 1)@ [ £
%[n l_‘lﬂ:l’"]fn}

* Beam bending
12 6L -12 6L](% Al
ElI| 6L 4L -6L 2. “‘ [—l
T|-12 -6L 12 -6L )
6L 217 -6L 417

Basically, it is equivalent to overlapping a beam with a bar
A frame element has 6 DOFs

-

source: Nam-Ho Kim, Raphael T. Haftka;  http://www2.mae.ufl.edu/nkim /em|5526/ sec. 5
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2D frame: local & global coordinate stiffness matrices

. Elejment matrix equatign (local coord.)
w5 Ta 0 0 -4 0 0 (g
0 12a, 6La, 0 -12a, O6La, ||¥
0 6La, 4I’a, 0 -6La, 2la ||6,

—|-aq O 0 a4 0 0 ||=m

F
|l\
R
N

0 -12a, -6La, 0 12a, —6La, ||V,

0  6La, 2L:(I: 0 -6OLa, 4L3u: o,

[k]iq; = {f}
+ Element matrix equation (global coord.)

[KI[T]iq} =[THR = [TIKIT]iq) =if} —> [k]iq}=1f}
[k]=[TT'[K][T]
+ Same procedure for assembly and applying BC

Dl «j\ll:l ool
s

N
J

T

source: Nam-Ho Kim, Raphael T. Haftka; http://www2.mae.ufl.edu/nkim/em|5526/ sec. 5
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Coxtho—

2D frame element: coordinate transformation

+ Element-fixed local coordinates x—y
+ Local DOFs (i7,v.4} Local forces i /. /5.C}
+ Transformation between local and global coord.

fn cos¢g smg 0O 0 0o 0|/
fa| |-smg cosg 0 0 0 0f|f,
c, ! 0 0 1 0 0 0| e
x| o 0 0 cosg sing 0|/,
fr 0 0 0 -sing cos¢ 0f|f Local coordinates =
G 0 0 0 1]| ¢

o o0 1lle
—
o= 1
i =[THa} ;

] » X <1 Global coordinates

source: Nam-Ho Kim, Raphael T. Haftka;  http://www2.mae.ufl.edu/nkim/emi5526/ sec. 5
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For the term project

1. Calculate the stiffness 6x6 from
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+ Element matrix equation (local coord.)

q, 0 0 —a 0 0 |[m T
0 12a, 6La, 0 -12a¢, ©6La, \:I [_‘l — ﬂ
0 O6La, 4L'ay, 0 -6La, 2la ||6,| |75 L
a0 0 a 0 o ||l&| |7, =
0 -12a, -6La, 0 120, —-6la||v,| |7, Tk
0 O6La, 2l'a, 0 -6La, 4l’a, ||6, G

2. Calculate T from

fa
fa

I

[r:

cos¢ sing 0 0 0 of|f,
-sing cosg 0 0 0 0|f,

0 0 1 0 0 0l] e

0 0 0 cosg sing 0f|f,

0 0 0 —qin¢ cosd 0| /.- Local coordinates W
0 0 0 1| ¢ K

IGE (T1if : _
U]

q;=[Tllq} )
Y 9]

1 ®
+ x <4 Global coordinates

3. Rotate K from 1 using T from 2 to global coordinate system using

source: Nam-Ho Kim, Raphael T. Haftka;

+ Element matrix equation (global coord.)

[KI[T)q} =[TNf} = [TT[K][T]iq} =if} —> [kliq}=1f}

(k] =[T])'[K][T]

+ Same procedure for assembly and applying BC

http://www2.mae.ufl.edu/nkim /emlI5526/ sec. 5
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For the term project, | have asked to report, y, theta, M, V on 5 locations:
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3eam Example: Calculation of 4,0, M, V within element

@ After the solution of global free dofs, they are transferred to elements.
@ Once element dofs are know, we have the Displacement in the entire elements:

y(§) = N{(§)aj < N3(§)ag

element shape functions are given in~(321).

+ N3 (§)as + Ni(§)ag.

from y with the difference that if EJ
For constant EI we have:

aMm . YL© 281 rdB: )\
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from y with the difference that if EJ
For constant EI we have:
dM

oy dM o FEE) 251{
VE) =)= T~ Lf

@ To obtain these fields for the entire beam we evaluate these equations for all elements.
374 / 456

Use formulas on slide 374 for the last problem of HW4

frame element % =
I=001,A=1E=1

(d) OWtain displacement (y), rotation (@ = :%) and moment (M = .":f:il;j_\g] for the frame el-
ement at x = 0.5. Note that y(¢) = 1, N5(£)af. Also, since B® = % = M=
EIY) | Bi(€)at. (30 Points)

Coding a finite element method

Object-oriented programing:

We have objects, and objects have:
- Data
- Functions

associated with them

Slide 392 o
{\0/ Uplag') ﬂ

N
&u}
Ty(af?) ""
ad 3 ) 27

Quadrilaterial

'.” = Uy (a5 )f =0
: JUs(a3*)f = F

Truss element

solid + thermal

clement

SL\I walag') ’.\'1‘114;'.# /

g Ty(az') Uss(ay lll”‘lll'd/\'”"l‘.‘ [ "1al@3 ay! ; } 0.1 a™ ) : - ;
) . f= Al ]

q/
Element class

Do, -
— id
—\N\e Nadax
_e Nodss (LEM\ 2
_edd (@) E

yeckot oA galerones
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FEM Solver Objects: 1. Element: Function

Some sample element functions are:
@ Calculate k® (virtual)

@ Calculate f5: sum of all forces, but f}, (virtual)

@ Compute_Output_Element: computes and outputs element; e.g., axial forces for

truss: (virtual)
@ Calculate f, = k“a“
@ Assemble k® and f° into global K and F

Virtual

Virtual is an attribute of some functions in object oriented programming. Without going
to details, virtual functions are black box functions where any different type of object
(e.g., solid physics element, thermal physics element, etc.) performs its independent
routine to achieve the objective of the function (e.g., compute k® and f i the first two

functions; compute area and surface for shapes, etc.).

This is opposed to the last two functions in this example (assembly, and f}, = k“a“®)

where the same exact routine is performed for all types of objects.

394 / 456

In the provided C++ code, this is how we can have different implementations of stiffness matrix

@%\’ ored Rl Dhgred N
® \N\Ms 3é(\k QU‘I\O\/:«S

AR A e Wy

-
Oy Breren\Boc ?\\7 Bhrim\ R

=S

O
PhyElement.h

class PhyElement

{

Shared data:

intid;

int neNodes; // # element nodes
vector<int> eNodes; // element node vector
vector <PhyNode*> eNodePtrs;

int nedof; // # element dof

VECTOR edofs; // element dofs

vector<int> dofMap;

ElementType eType;

int matID;

MATRIX ke; // element stiffness matrix
VECTOR foe; // element force vector from all sources other than essential BC
VECTOR fde; // element essential BC force
VECTOR fee; // all element forces

(ii)

Functions with the same procedure
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Example assembly

// Step 11: Assembly from local to global system
void AssembleStiffnessForce(MATRIX& globalK, VECTOR& globalF);

void PhyElement::AssembleStiffnessForce(MATRIX& globalK, VECTOR& globalF)
{
fee.resize(nedof);
if (foe.size() == nedof)
fee = foe;
else
fee =0.0;

intl,J;
for (inti = 0; i < nedof; ++i)
{
| = dofMapli];
if (I < 0) // prescribed dof
continue;

Examples of class specific data and functions:
PhyElementBar

class PhyElementBar : public PhyElement

{
public: g
virtual void setGeometry(); \

’ _ ¢ QAL \
virtual void setinternalMaterialProperties(PhyMaterial* pMat); &/ L//)\QNM ¥ E\ZYN}‘\
virtual void Calculate_ElementStiffness_Force(); o MWQ{ Qv e FQ&M A
virtual void SpecificOutput(ostream& out) const;
double L; o P
double A; S— T %QC“/\K‘C Au\o\ (Y ,\1 L
double E;

I3

void PhyElementBar::Calculate_ElementStiffness_Force()

S

{
// compute stiffness matrix:
ke.resize(2, 2); l)M k . M [\ -\ }
double factor=A*E/L; L - [
ke(0, 0) = ke(1, 1) = factor;
ke(1, 0) = ke(0, 1) = -factor;

}

Node class

class PhyNode
{
public:

void set_nndof(int nndofin);

void UpdateNodePrescribedDofForces(VECTOR& Fp);

ID id; \& 4‘
VECTOR coordinate;
vector <PhyDof> ndof; Ceatdmdhe <’\ ! O\
int nndof;// number of dofs é

I3 f)/ ) }
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vector <PhyDof> ndof; “ L \
int nndof;// number of dofs é ) ) }

3

(a

FEM Solver Objects: 4. Node: Data

71
Quadrilagerial
solid + &Brum‘

element

GUgelal")

5 L Usy(a2*)f =0

o
Quadrilaterial
solid 4 thermal
element

-4 (20
%\om(%\.\ B wi\&o‘\A
JUs\ ph 4
class PhyDof
{
public:

PhyDof();

bool p; // boolean: whether the dof is prescribed

int pos; // position in the global system (for free and prescribed)
double v; // value of dof

double f; // force corresponding to dof
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//
//
//
|3

F can be stress i can be (0, 1) sigma_{01}
FieldF;
INDEX i;

FEM Solver Objects: 7. FEM solver

1,065 )f = 0

4 f=0 .,1" M =0

There is not a clear object for FEM solver. However, we can think of FEM solver as an object
that is responsible for 1) reading in discretization data; 2) storing all node and element data; 3)
solution of global system. Basically FEM solver is the driver for FEM solution.

@ dim, ng;,, spatial dimension for the problem (1D, 2D, and 3D)
@ number of nodes (nNodes, ny) in the domain; e.g., nn, = 6.
@ nodes {node}: vector of nodes in the domain; e.g., n1,n2,n3, n4, ns, ne.
@ number of elements (ne, n.) in the the domain; e.g., n. = 4.
@ elements {element}: vector of elements in the domain; e.g., e, €2, 3, e4.
@ free dofs (dofs: a): vector of global free dofs.
@ number of free dof (nf, n¢); e.g., ny = 10.
@ number of prescribed dof (np, n,); e.g., np, = 8.
@ number of dof (ndof, ngor = ns + np); €.8., ndor = 18.
@ stiffness matrix (K = Kyy); n¢ x ny matrix.
@ force vector (F = Fy); ng(x1) vector.
@ prescribed force vector (F,,) (Optional); n,(x1) vector. May be used for more
streamlined computation of prescribed dof forces.
@ number of materials: nmats.
@ material database {mats}: Parameters and Values for all material in the model.
401/ 456
Solution steps
The steps for FEM solution are:
@ Set Element nodal dofs.
@ Set global dofs using element dofs.
@ Compute ns from ng.s and ny, and resize and zero stiffness matrix and force vector.
Q@ Set global prescribed dofs.
© Set global free dofs.
@ Set dof (free + prescribed) positions.
@ Set F(Fy).
@ Set element dof maps M.
Q@ Set element (prescribed) dofs.
@ Compute element stiffness matrix and force vectors.
@ Assemble element stiffnesses and forces to global system.
@ Solve for (free) dofs a from Ka = F.
@ Assign a to nodes and elements.
@ Compute prescribed dof forces: F, (if needed).
@ Compute (if needed) output nodes and elements.
402/ 456
We' i i :
e'll solve this next following these steps dima — 2D
P ndofpn 2 rom M jnede -
= Nodes
o\l e A nNodes 3
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"I ndofpn 2 nVm  do /nede = L

— Nodes
e\l & - nNodes 3
n id crd
X 2, T 11.61.2
£@> vl 200
o 3028
~ B noWks gw( At

Elements
2 NS Chess

idielementType

{,WQ\TWL 1

1 Lo 2Pl | EM

atID neNodes eNodes
—_—

5_ bR gna & vector<int> eNodes; // element node vector
2o bass mionak gl £ o) (h oo (Cowa A L)
4 WC(Q\N

1h(§<§§ = Y\Y\o&% S Y\Afﬁwé_q = %% 2

In FEM every dof is by default free and it has zero force. Anything other than that should be specified.

PrescribedDOF
np3

Y\\) KB

Ng — -, e
T U
woe s

Now that we have nf and np, we can form all the element and
node storages

™2 \ (" \ |
i Ui | b
| I L | n‘:a nl
. c&% ) ;’};Q !
\ r ' y| 1 o - Il
{- Lr)/ v -“ |
> ¢F:?5 2 ' |
ea o . L
& LEA [ 9ok Nap - £s ] €
. \ 'K’L/%] ‘
2 | 12,\)
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We did steps 1, 2, 3 above
© Set Element nodal dofs.
© Set global dofs using element dofs.

© Compute ns from ng.s and ny, and resize and zero stiffness matrix and force vector.

Step 4: Set global prescribed nodal dof

PrescribedDOF
np 3

ngde node_dof_index value

I

Step 5: Set global free nodal dof

We specify only the nonzero forces

FreeDofs
nNonZeroForceFDOFs 1

node node_dof_index value
ﬁ@\
\
e Vet
F ACh~

©L
-\

\}1@
h
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