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Newton-Cotes method continued /\_ A; \
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We have 3 unknowns w1 to w3: we need 3 equations to solve for wl to w3
How about requiring that we integrate certain polynomials exactly?
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The maximum polynomial that this rule can integrate exactly is:
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=3 3 R 1/8 3/8 3/8 1/8 Simpson s 3/8 rule
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Is there a faster way to obtain the weights?
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Gauss quadrature:

In Newton-Cotes every point is counted as once (just give one extra polynomial order improvement)
In Gauss quadrature each point gives 2 extra polynomial order improvement
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Let's do the two point scheme: IN
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Figure 4: Legendre polynomials (Source: http://en.wikipedia.org/wiki/Legendre_polynomials

1
./—I Pr(&)Pa(€) dé = Qn_-:i—l(im" no sim on n (4)
Ganss Ponts (£ x,) Weights (w,)
n=2
n-3 |
\Q.w 00000 088588 £8888 g8888
?U.?T-ﬁt) 66692 41483 0.55555 55555 55555
n=4
0.33998 10435 84856 0.65214 51548 62546
0.86113 63115 94053 034785 48451 37454
n=>5
000000 DKM 00000 056888 S8888 SE880
053846 93101 05683 DATRGE2 86704 99366
090617 98450 38664 0.23692 68850 56189

@ The global nature of trial functions ¢ in spectral method results in full K matrices that
are expensive to solve.

@ To circumvent this problem we employ trial functions that make K diagonal.
@ In weak statement K;; := A(¢:,¢;) = [ L% (6i)Lm(o;) dv.

@ If the problem is self-adjoint A(.,.) is an inner product and we can construct an
orthogonal trial function basis ¢; for example using Gram Schmidt method.

@ Given the particular form of A (from LY and L,») and domain of integration D ([0 1],

m
[—1 1], semi-infinite, infinite, etc.) we employ various trigonometric and orthogonal
polynomial spaces. Some examples are:
¢r(z) = e'** Fourier spectral method.
¢x(z) = Ty (x) Chebyshev spectral method.
¢x(z) = Li(z) or Pi(z) Legendre spectral method.
¢r(z) = Ly(z) Laguerre spectral method.
¢x(z) = Hyp(x) Hermite spectral method.

where Ty (z), Li(z)(Px(x)), Li(x), and Hy(x) are the Chebyshev, Legendre, Laguerre,
and Hermite polynomials of degree k, respectively.

@ The orthogonal property of these functions is for simple geometries. That is why spectral
methods are more popular for simple geometries where we can take advantage of their
exponential convergence property while keeping computational costs low by using
orthogonal trial functions.
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Summary
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1. Material is heterogeneous (E and A not constant) OR
2. Distorted (skewed) (J not constant)

We cannot integrate K with ANY number of NC or G points in general.
However, this is something called FULL INTEGRATION order in that, JUST in deciding the number of
points needed, we ignore material part (EA above) and Jacobian term (J above) temporarily.
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1. [50 Points| Use a 3 point Gauss and 5 point Newton-Cotes quadrature rule to evaluate the fol-
lowing integral and obtain their respective errors with respect to exact value of the integral
I. = tan~!(2) — tan—!(—1). Quadrature points and weights are given in fig. [1}
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