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From last time we observed that ?wd\_.

e Any biharmonic solution can be expressed by
Kolonov-Muskhelishvili complex potentials, ¢, x:
U(ry,z2) = Re[Z¢ + X]
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Message: So the solution to A B'\V v D

Is trivial for many problems by using the theorem above.

Today, we want to derive the exact crack tip solutions using this approach.

The entire stress, strain, and displacement solution
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e Any biharmonic solution can be expressed by
Kolonov-Muskhelishvili complex potentials, ¢, x:

¥(ry,22) = Re[Z¢ + x]
e Stresses are obtained differentiation,
o011 = W22 = Re [@' -

1
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099 = 4"_1] = Re [E_f}’ -+ 531’9” + 5\”]

b =

012 = -2 = =Re [2¢" + \]

e Displacements are obtained by integration of strains:

u; = Re [h‘c-") —z¢' — \']
up = Im [h‘O +z¢' + \"]
o — { 3 — 4r plane strain

3—v . St raca
i plane stress

3 Modes of fracture:

Mode I: Mode 1I:

Opening In-plane shear
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Mode III:

Out-of-plane shear
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Mode III:
Out-of-plane sheal
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Generally, modes | and Il solutions are more complex and difficult to derive.
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Getting the solutions for Mode I(and IDmid—crack problem ’t
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So by solving problem (B) which will be done now and subtracting sxx by -sigma, we get mode | mid-crack solution in an
in{inite domain
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0ze = ReZ —ylmZ'
oyy = ReZ + yImZ’
oy = —yReZ'
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Z(z):ﬁ is imaginary
r“ —a
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(Zf(z) = — (2 — a2)3/2 — 0
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We can also get the displacement solutions

~t] L
Kolosov coef. « +

3 —4v plane strain
k=<3—-v k1

1+v 2

_E h dul 2pv = JK;T_Fllmz — yReZ
M 2(1+v) shear moaulus

117

2uu = ReZ — yImZ

plane stress

The derivation above is very interesting but unfortunately globally is only valid for a single crack in
an infinite domain.

But now, we look at the solution just around the crack tip as asymptotic solution:
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Recall

0zz = ReZ — yImZ'’

oyy = ReZ + yImZ’
Txy — _yReZ,
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Crack tip stress field
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