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How about mode II solution?

Again, we can look at the asymptotic expression of the solution around the crack tip:

Why asymptotic expressions are useful?
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Why asymptotic expressions are useful?

Around the crack tip they all have the same asymptotic expansion for stress, displacement, and strain solutions.

Around the crack tip we have the same asymptotic expansion, because close to it we have some effective "relatively 
far field" normal and shear loads that depend on the far field loading, and the geometry.
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far field" normal and shear loads that depend on the far field loading, and the geometry.

In general, for arbitrary stress component we can write

All we have to do is to find KI, KII, KIII around a crack tip.

How do we derive SIFs? We will discuss that in more detail later, but for the moment, let's look at this equation:
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Pure mode I fracture:

Second example with an exact solution:

Other asymptotic expansions:
Mode I:          Principal stresses

The geometry and loading lend themselves to polar coordinate, so it's the easiest to solve this problem in the polar 
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The geometry and loading lend themselves to polar coordinate, so it's the easiest to solve this problem in the polar 
coordinate system.

Eventually, the solution F(theta) is a combination of the four following angle functions

So, the following stress function in polar coordinate is bar harmonic:

To further narrow down the form of stress function (hence eventually the actual stress and 
displacement solutions), we need to use the boundary conditions:
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The four equations are:

The only way not to have trivial zero solution is to have the determinant of this 4x4 matrix to 
be zero

So, we get:

You'll play with these two equations for mode one and two to 
get the stress singularity.
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So stress singularity cannot be stronger than -0.5 otherwise, internal energy around the crack tip will be infinite 
which makes no sense.

The above terms are the leading terms of the stress solutions around the crack tip for mode I and II. -

We also have constant terms,    terms, …, but these terms are much smaller than the above terms around the crack 
tip.

-

Notice the leading terms are identical to the asymptotic terms we obtained before from stress function for a mid-crack 
in an infinite domain:
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Displacement field around the crack tip:
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