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This is why 1/4 position 2nd elements, can produce LEFM singularity

Isoparametric singular elements
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How should the mesh look like around the crack tip?
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As we will see, even with inferior meshes we can get decent solutions for K, J, G if the right method is used.

6.1.3. Extraction of K (SIF), G
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1. K from local fields

1. Displacement
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1. K from local fields
4 Ky Zw(

2. Stress ‘YL(J
K; = lim ( 2r o ->\g:g) : K= lim (v?m* 012|9:0)
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2. K from energy approaches

1. Elementary crack advance (two FEM solutions for a and a + Aa)
2. Virtual Crack Extension: Stiffness derivative approach
3. J-integral based approaches (next section)

After obtaining G (or J=G for LEFM) K can be obtained from

~) FE blane stress
1\7 — E!G E’z{ i plane stre

—= plane strain
1—v=
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2.1 Elementary crack advance

For fixed grip boundary condition perform two simulations (1, a) and (2, a+Aa):
All FEM packages can compute strain (internal) energy U,

t1gt 111t

a a+ Aa
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2.2 Virtual crack extension
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If we compute dK/da analytically, the virtual crack extension becomes equivalent to "Equivalent Domain
Integration (EDI)" which is a very robust method for calculating J

= s s

e Only the few elements that are distrorted contribute to %h

e We may not even need to form elements and assemble K for
a and a + Aa to obtain 25X, We can explicitly obtain 5 for

da e

elements affected by crack growth by computing derivatives of
actual geometry of the element to parent geometry.

* This method is equivalent to J integral method (Park 1974)
279
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2.2 Virtual crack extension: Mixed mode

* For LEFM energy release rates G, and G, are given by

K? + K? K*?
_ B i B

= G

: : E' 24
. 2KGK

Jy = G-.}:%

* Using Virtual crack extension (or elementary crack advance) compute G, and G, for
crack lengths g, a + Aa

.. 0=3
Ki+Ki Kj =
ho= G ==y \._,:f’ a JAQ_
. 2K Ky e — 9 = 0
Bo= Gy=—t
* Obtain K, and K, from: s+ v.-"_‘;z 1 5Gy Note that there are two sets
» J (4] .
Kp= —— 4 | ofsolutions!
L sy R
1’\[}' = f

a IG 0y
8 2\.-' 2162 and o
y o

(14 )(1-4+x)

6.1.4.) integral
Methods to evaluate J integral:
1. Contour integral: : du
Jy = / (wrf,e;—r.mrfr)
- -

Jo = ] (.u'd.r - t.{_)ldl')
r dy

1 et

Contour integrals are difficult to implement in FEMs:

Jintegral: 1.Contour integral

* Stresses are available and also more accurate at Gauss points

* Integral path goes through Gauss points ‘ ‘ ‘ ‘ [ 1 )
st
— n, ./
™ et S
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.. - & / Ton Numbering
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J= [ wdy—t- ﬂdn i e = [1 1 rr&ji+’ (ﬂl+&)+n£ %
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Cumbersome to formulate - [f”r”l + "-ru“'—']g + (Tayn1 +oyna) i,:_i]
the integrand, evaluate va

normal vector, and integre[i T

over lines (2D) and surfaces .'(m-)ﬂ (fru)f dr

(3D} ‘5 iy n 4

ds
Not commonly used _ [1 Tdn
N J 283

2. Equlvalent (Energy) domain integral (EDI):
* Gauss theorem: line/surface (2D/3D) integral surface/volume integral
*  Much simpler to evaluate computationally

* Easy to incorporate plasticity, crack surface tractions, thermal strains, etc.
* Prevalent method for computing J-integral Mm AU
ey Volume |ntegra|

Line integral

Assumptions we have for J = G, and that we could use
any contour plots _— v

Energy release rate of J integral:
Assumptions

1. Homogeneous body

2. Linear or non-linear elastic solid ((\\., rP\‘” \,.LA\‘,-))
— —
3.

No inertia, or body forces; no initial stresses \,
« P

— 6 z
4. No thermal loading%;ﬁ v \ ' ,
0 D A\C un 04- V'j

5. 2-D stress and deformation field E
. : )
6. Plane stress or plane strain é %l"'(&
z T‘
Z
7. Mode I loading -T) \
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7. Mode I loading —

B Stop Share

Generalization of J integral

Dynamic loading

Surface tractions on crack surfaces
Body force

Initial strains (e.g. thermal loading)
Initial stress from pore pressures

cf. Saouma 13.11 & 13.12 for details

General form of J integral

rr{ m
> W= J. o,de]
l T

o, |
J =, [(11'+ T)o,, —o’.._—J:| ndl’
Inelastic stress e !
Can include (visco-) plasticity, and

thermal stgess -

Kinetic energy density .

i i

1 Ou; Ou; e
T= 300—;0—‘,! "\ fastic

- U‘lQ' Plastic Thermal (®
\M A temperature)
Lemperature,

rO —)O:J contour approaches Crack tip (CT) |:>

Accuracy of the solution deteriorates at CT |::>

Inaccurate/Impractical evaluation of J using contour integral

284

This formula is great: Crack surface traction, plasticity, dynamics, can even have body force
The catch is that the contour integral should be at the limit of a point around the crack tip ->

Computationally, this is where we have the worst numerical solution (very close to the crack tip)
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Divergence theorem: Line/Surface (2D/3D) integral EE@/Volume Integral

]-' —0 — 2D mesh covers

Original J integral contour

crack tip
Surface integral after * Contour integral added to create closed surface

. E}
L[nwna Uua“’]”‘”— .[[Uﬁa -n&,,]qm,dr J oﬁja qdl"  ZerointegralonI’; (g =0)

l Divergence theorem

J= j = ” - ms,,HdA - —qdr
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