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Appendix: Function spaces
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What functions can be used for weak statement:

Galerkin Weak Statement Function spaces

Q@ We first reduce the highest derivative order A/ = 2m in the strong
form (and weighted residual statement) to m in the weak statement.

@ Next, we observe that the functions should only be in H™ (D). We
observed that H™ (D) C C"~1(D). In practice, the finite element
trial functions that are in C"™~1(D) are also H™(D).

Conventional (continuus) finite element methods:

Strong Form order M = 2m =
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1D elements
Element types:
© 1D solid bar element.
@ Truss element.
Concepts:
© Global (weighted residual) vs local (element level) perspectives.
@ Stiffness matrix.
@ Forces: 1.Source term; 2.Natural BC; 3.Essential BC, 4.Nodal.
Q@ Nodes, elements, shape function, dof.
© Nodes with more than one dof (truss).
@ Element local coordinate system £ (bar).
@ Rotation of element local coordinate system (truss).
Q Full stiffness K (free + prescribed dofs) vs (free only dofs) K.
@ High order differential equations (e.g., ("' beam elements).
@ Multiphysics coupling (beams: axial, bending, & torsional
coupling).
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We almost always have the following form for weak statement (of self-adjoint problems): g"\ =\:

X L) D [0 4\ wegdy J(Swm D
)

A°"’"':” b\

D?

B

D ber
1D beam

209
st f\&y

&

weak %\’O&W)‘

w Ef\\k
UO C,l\é_

U\

&) Cefu)

Y=

MQ,W&Q, (& gec}(\m\n) P/\opo-&y

Lo - 3/

Ln < (Y D

L, -€0)-V

jlm(W\ DLW =

Ko

- -

Qe

FEM Page 2

)



~

4 >
biuw G ) ” \\ i
V%wm - (@9 +(wf)
g/gg) [ LdAInl ey

(P9)e fg. W’%ﬁ fg v
r )js/ >,

L Nevmann

\?Wrﬁl\‘ﬂ «f c/4

(/{(/U( HA)’L/%) ) \g Z-/M(W'PWL) D LM/(A}J’V =
&
—\,/J L) +LM(%\) D L,
Nuy?

:,QLLW(w”DLMm\L/ * g LM(WJ D me)dv

D
- (/4(w, W AW, u) ()

Mf Lo (W4 +w1> - Lmru/,) L, (W]
&M‘é% o < Leve \par Lm= ( 3/

lo2 amnn Ln =( )4
el L (7+7)

_—

Simele
by S\V\QQ,Z\M (Wk‘*’“z} ycm(\/;/ er/Vz/ )

(/[W,U\%Ui/ s %(W/u() TV/(“U “lb)

‘ L (A\\ A | ‘~n /// N ol //II m) J/m//[(/l/,m} ‘




> ,W‘Q hav= (///Wz“WL/MJ ‘(/4//(/‘/1/“} #J/M/ﬂm) O
Tre (wady s & K (//(W SU (/L?/ < %(6(//6(/) ‘”(’/%/(f‘//MY) L

= o kAL

So, for problems with nonlinear response (nonlinear elasticity, plasticity, etc.) the linearity would only be on w and the weak
statement would look different.
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Let's derive the specific form of stiffness nlit ix and force vector for a given weak statement:
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We can apply equation (*) to spectral methods (e.g. global high order polynomials, sin/cos terms, etc.) or finite element methods.

From here on, we only focus on FEM
We first take the GLOBAL approach, that is centered around the notation of basis function (called shape function in FEM) and global dofs
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In FEM, basis functions are called SHAPE functions and are denoted by N rather than ¢) .
Shape functions take a value of 1 at one degree of freedom and zero elsewhere. (t g\,\a(vb ( L’b‘S )
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In continuous / conventional FEMs unknowns aj's are physical
solutions @ dof number j. For bar problem, this is displacement

at node j. . -
\ Lz
Reason for this, is the delta property mentioned above. A/‘- (,1 ) - 5~ z .
(
7)

Ok Ny L of fro & (it b of g
N3, M

[
3

V)e<‘+ £ (/4l¢nrl"/nd
I &'

Find equations for K, Fr, FN, FD (and Fn) for bar problem

A. Stiffness matrix
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