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Summary:
1. Finite element stiffness matrix matches the exact stiffness if the assumed shape functions of the element match those from the exact solution under the given applied loads (here
linear displacement which happens for AE = constant)
2. The difference between Kexact and KFEM negligible because again the error is of the same order of discretization error ...
3. Calculating stiffness from the exact approach above and assembly of the elements was how engineers first formulated FEM
4. Shape function are used for many different purposes:
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Truss element /two different coordinate systems

@ In some instances we need to employ two different coordinate systems at the end points of
a bar or in general coordinate system(s) that are not aligned with global coordinate
system.

@ For example the support highlighted in red in the right figure, do decouple displacement
at the support and set the normal displacement to zero (Dirichlet BC) and tangential one
free (Neumann BC) we need to employ the rotated coordinate system X, X1.

@ We have two different angles, #; and 6,. We define,

¢y = cos(8y) sy = sin(fy)

3 = cos(83) s = sin(fa)
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Truss element /two different coordinate systems

@ As before T := Tyu = Ty and in this case is given by,

_leav s1 O 0
T= 0 0 c so (393)

@ Accordingly, from K = TTKT we obtain,

c? €181 —€103  —C182
K= AE | 15,1 .wf —c281  —s182 (304)
L |-z —cas o3 c282
—c182 —8183 €283 s3

@ Finally the axial tensile force in the bar, which is the second line of kT ,,;y = kT is
(compare to one global coordinate in (387)):

| T = AE/L(—c Uy — 81Uz + e2Us + s2U/4) ] (395)
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