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NC scheme continued:
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So, in NC we use odd # point schemes.
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Newton-Cotes
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You can also use this table from Bathe's book:

TABLE 5.5 Newton-Cotes numbers and error estimates

Upper bound on
error R, as
Number of a function of
mtervals n C3 (o] 3 4 Ci 1 i the derivative of F
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To obtain weights of an n-point NC scheme, we need to solve an n x n linear system.
Not really!
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Summary:
NC with n points -> we have n unknown w's -> n polynomial coefficients -> It can integrate polynomial order n - 1 exactly (or with bonus
polynomial order n when n is odd)
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Gauss quadrature:
In Newton-Cotes every point is worth one unknown ->w_i

In Gauss point every point is worth TWICE!
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Gauss table
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TABLE 5.6 Sampling points and weights in Gauss-Legendre
numerical integration (interval —1 to +1)

/\
/1/ R n T; ;
1 Q. (15 zeros) 2. (15 zeros)
2 *0.57735_02691— 89626 1.00000 00000 _ 00000 ™
Qﬂ}\\ss F0.77459 66692 41483  0.55555 55555 55556

0.00000 00000 - 88 88889

5 sl 4 *OB6I13 63115 94053 034785 48451 3

+0.33998 10435 84856 0.65214 51548 62546

5 *0.90617 98459 38664 0.23692 68850 56189
+0.53846 93101 05683 0.47862 86704 99366

W _'\ é. é 0.00000 00000 00000 0.56888 88888 88839 v
=Y :\-—.\.7/'1:'"‘2’ *0.93246 95142 03152 0.17132 44923 79170 -\
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/ 053846 93101 05683 047862 86704 99366 [, Oy <.5T \
2\ ) é, 0.00000 00000 00000  0.56888 88888 88889 (e
= SNURE LR +093246 95142 03152 0.17132 44923 79170 ~\
+0.66120 93864 66265 036076 15730 48139
£y +023861 91860 83197 046791 39345 72691
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Comparison of NC and Gauss schemes with 2 points
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How to use the table in HWS5:
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1. |50 Points | Use a 3 point Gauss and 5 point Newton-Cotes quadrature rule to evaluate the fol-

lowing integral and obtain their respective errors with respect to exact value of the integral

I. = tan~1(2) — tn{n"( ). Quadrature points and weights are given in fig. 1L
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Derivation of Gauss points is difficult -> it results in an n x n nonlinear system of equations.

Extra credlt a55|gnment

e T = o e C 2 b

(b) |35 Pomh In many instances we are dealing with more general integrals of the form I =

o F(©p(€)dE (p(€) > 0). For example Gauss integration is a special case where p =
X[-1 ”. Also in probability theory expected value of a quantity is defined as E(f(£)) =
I_xX F(E)p(&)dE where p(&) is the probability density function (PDF) of the random variable
&, In the context of FEM formulation, the integrals of latter form are encountered in the
solution of stochastic PDEs. Ideally we want to derive quadrature rules for these more

i .
general cases as [ = Aj_t f(©p)dE = Q) = XL w;f(&) where again ; are quadrature
points and w; are quadrature weights. Given that we can define an inner-product of the
form < f.g >,= ‘/_t f(&)g(&)p(£)dé we can use any orthonormalization scheme such as

sram-Schmidt to form an orthonormal basis of Q; ((Q; being a polynomial of order i) for
(’ v - .
polynomial functions. That is,

o0
Qi.Q; >,=10;; that is / Qi()Q;(©)p(€)de = 65 (5)
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n P,(x)

0 1

1 T O

2 332" - 1) = s
e i o=
4 goor — JUx™ +J3)

5 %(631‘5 — 702° + 15z)

6 6()311-“—31' ! + 105 ~'3_.5)

7 % L (4292 — 6932° + 3152° — 35z)

8 153(0435 — 120122° + 6930z — 126027 + 35)

9 (1215527 — 2574027 + 180182° — 4620+% + 3152)
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7 (4292 — 6932° + 3152° — 352)
8 135(64352° — 120122° 4 69302 — 12602” + 35)
E s(1215527 — 2574027 4 180182° — 46202° 4 315z)

10 5= (461892 = 1093952° + 900902° — 30030z* + 34652° — 63)

igung 4: Legendre/polynomials (Source: http://en.wikipedia.org/wiki/Legendre_polynomials
F 4: L | 1\ Is (S htt kiped /wiki/L | 1\ 1

TABLE 5.6 Sampling points and weights in Gauss-Legendre
numerical integration (interval —1 to y/_ﬁ\
n r 1 / o \(\on\ N e_/k LD Qail/wlf\

0. (15 zeros)
2 +0.57735 1.00000 00000 00000 ?c_\\( (\cM\())"\
+0,77450 66692 41483 55555 55555 55556
0.00000 00000 00000 88888 88888 88889 Gt P’f)
4 =0. 0.34785 48451 37454 are

*0.33998 10435 84856 0.65214 51548 62546

5 *0.90617 98459 38664 0.23692 68850 56189
*0.53846 93101 05683 0.47862 86704 99366
0.00000 00000 00000 0.56888 838888 88889

6 *£0.93246 95142 03152 0.17132 44923 79170
+0.66120 93864 66265 0.36076 15730 48139
+0.23861 91860 83197 0.46791 39345 72691

Summary of NC and Gauss integration schemes
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