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2D/3D elastostatics
Recall from last time
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Localization theorem

Localization theorem states that if the integral of a continuus function is zero for
all subsets of D, then the function is zero:

vrch/ x)dv=0 = VYzeD: g(x)=0 (21)

Let's assume g(xp) # 0 (e.g.,

g(zg) > 0). Since g(x) is continuus,
there is a neighborhood of xo (N(xg))
that g(x) > 0. We choose an (2 that is
only nonzero inside N(xq). Then,
J,9(x) dV > 0. Thus, g(xo) cannot be
nonzero and the function g is identically
zero.
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Fun fact for you

Transfer of boundary to interior integral higher dimensions

@ (2 is compact and closed.
@ J12 is piecewise smooth.

@ Normal vector n is defined almost
everywhere (a.e.) and is pointing outward.

@ tensor field (scalar, vector, matrix, ...): N h[\
o F; = 0F/0x; exists everywhere and L 52/ Bgz
e is continuous.
/ P ds = /@n (18)
Jan [?) V g

This is the generalization of the 1D version:

1L.E(b) 4+ (-1).F(a) = F(I))—F(u):/ F'(z) da X
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Balance law => Strong Form (PDE)

Can we solve the PDE now? N
@)

We need to "close" the system by adding more equations:
- Constitutive equations
- Compatibility equations
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We also need to add the boundary conditions (BCs) \“\K\Qw
R
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End of side note
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We are still 1 equation behind

Compatibility equation /‘D E > A(\&
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Sample Boundary value problems: Euler Bernoulli beam

VF-r =0 Balance law
M k¥ =0
F = Vv Flux iv_x s =0
r = ‘; Source term = (28)
2 2
M =FEIx "~ Constitutive equation d°ET (d_y) G
a2 ) . s dx? dz?
x =34 Kinematic compatibility
where
M = Momentum
V' = Shear force M +dM
g = Distributed load
E = Elastic modulus
I = Second moment of area
K = Curv'ature‘ V+dv
y = Vertical displacement
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Euler Bernoulli beam: BCs

[ Operator | Sample | elastostatics | operator order |
2 2 2 z
Lanm(u)=r ﬂd—ﬁl (g—;g-) =q {TEL gd—é’)-) =q m=2(M =4)
Lu(u) = =[®]=[ 1= ]|ea| za=]| W Mu=| §
o= o[ ]-TE - [3]= -] =[4]
V] Z
E1sy . Bt ) )
L,(u):i‘ a d—;fg =[ AV! ] Ly = a d;g() Al,:[ ;
| & (erit) | | & (1) |

@ One and only one of the pair A/ (Neumann) and & (Dirichlet) is enforced at each end of

the beam.
@ One and only one of the pair V' (Neumann) and y (Dirichlet) is enforced at each end of
the beam.
@ Neumann boundary conditions correspond to the flux terms (M and V).
@ Neumann boundary conditions fall in the upper half of derivatives ([m,2m — 1] = [2,3]).
@ Dirichlet boundary conditions fall in the lower half of derivatives ([0, m — 1] = [0, 1]).
@ There are two boundary conditions at each end point (equal to m = M /2).
@ My+My=M-1.
33/456
And slide 34

Read before the class last time
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