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Continue on deriving the Weak statemen for elastostatics
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Now, we choose we ghtf nctions that are zero on the essentia
BCs. So the term in red disappea
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Elastostatics: Weighted Residual Statement

Again to form the weighted residual statement, we take the common approach and strongly
enforce the essential boundary conditions, while weakly enforcing the natural boundary conditions
and the partial differential equation (strong form)

A L2

R;=V.o+pb ID;
N
t specified

; u specified
DT y=n strongly I

The Weighted Residual Statement reads as,

Find u € YWRS — (v € C?(D) |vx € 8D, v(x) = i}, such that,

(66a)
vw € WWRS = ¢%(D) no need to enforce the homogeneous essential BCs for WRS ~ (66b)
0= / w.(V.o+pb) dv +/ w.(t—t)ds (66¢)
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Elastostatics: Weak Statement

A 2

Jpe(w) s a(u)dy 9Dy
specified
|/ D, w.tds
noNgtegratior
aD,, u specified
u = 1 and w = 0 are strongly enforced T1

The weak statement for elastostatics and the boundary conditions are: \/

FindueV = {v e CY(D) | ¥x € 8D, v(x) = u(x)}, such that, (72a)
Yw € W = {v e C'(D) | ¥x € 8D, v(x) = 0} (72b)

/De(w) co(u)dv = /‘;) w.pbdv + /t;D, w.tds (72¢)

@ Both V and W have the same regularity (C™ (D)): m = M /2, M = 2 is the order of the differential equation.

@ The less demanding regularity conditions for the solution compared to the weighted residual st
(CM(‘D) — C"™ (D)) takes us to the same function space needed for the balance law (highest derivative is for
o(u) = Cijkr uk,is1).

@ Both V and W exactly enforce the essential boundary conditions, with the difference that W satisfies the h g
version.
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Weighted residual statement to Weak statement

To demonstrate the process of deriving the weak statement from the weighted residual statement
consider the following problem:

D,

Essential boundary Natural boundary
0=y =0 aD;
y=y
The residuals for this problem are:
N
WA Ri= 37 (BIS4) —q  Interior residual for D =[0,L]
o Y g
\“N'g/A Ry = Aé _ {\//l Natural BC residual for 0Dy = {L} (53)
6 — 3 :
\__. Ru= -y ] Essential BC residual for 9D, = {0}

As mentioned previously, we want to drop the weighted residual term for essential boundary
condition (why?). Accordingly, we need to strongly enforce the essential boundary condition
(This is why this is called “essential” boundary condition). That is, we require:

~. Ru=[g:z]=o at z = 0 (8Du). (54)
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Weighted residual statement to Weak statement

M >ﬂ_f
: Natural boundary
l QIR iy

0=y ~— )
y=1y x L1 V= ! i
Since we strongly enforce the essential boundary condition, the weighted residual for this problem /\//-)

simplifies to: M ) Ei %/

0 = JpwRi(y)dv+ fop, WsRy(y)ds ) .
- (i (ere) o) axe [ T [ H2Y ] s M=

—{OW( & (B1E4) - q) de — 2200 — M(y)le=t +w(V = V())le=t

A (e /s /
N P —
Next, we trang)fer erivatives frgr; y to ‘u\!} (trial function to weight function). We note that (Cl%
—_ fé
e (1) dn = g (42 4B (54)] aos [ (mre)] s 0
2 2
= Iy [y BIiy] de+ wV(n))izsh - [d2 (B1Ey)] 1225
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Weighted residual statement to Weak statement

aD, - S N

Essential boundary

l Natural boundary
0= g' =0
=1

‘—;\ JDy

=
=

Plugging (55) in (56) yields,

0 =ffv( (EIE&) —q) dz — $E(M = M(y)|e=z + w(V = V(y))|e=t
={i [%; EILY - wq| do + [wV(y)] - $2M@)] 1225}
%E(M — M))le=L +w(V =V (y))la=1
—fo [F—El—g -—wq] dx
+{wV () - §2M(y) - $201 - M(y) +w(V -V@E)}
-{ww- M}

(57)

Weighted residual statement to Weak statement

This equation simplifies to
Essential boundary

Ld2w _ d2 dw - - 0=y =60 y=73
0=/ S OBl —wyg dr+{——wM+wV} (58a) ¢
0o |Ldz?  dz? dz a=L \ q N
(- , dw N o e, N
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Weighted residual statement to Weak statement

This equation simplifies to
Essential boundary
L [d2w __d2y dw - - 0=y =0 y=7

+HuWe) -vw) - T M) - M) (58)

z=L

: dw 4 L |V
{ wV (y) e M (y) }Izo (58¢) Natur;ﬁ)undnr‘v Dy

o e Wi A\ T

Essential boundary condition

We mentioned that the essential boundary condition is strongly enforced (That is, it is an “es-
sential’ condition). The essential conditions (54) require,

_ (] _ dy g _
Ru_[g_y]_0=> {d;zg },atx—O(a’Du) (59)

oD, Essential I}OIIII('N'.\'-
0=y =0 y=3y

We discussed that to annihilate the high order derivatives of y in
(58¢):

~{wvw - Ernw)}

=0

we set the corresponding weight functions identically zero: Natuial boundary . 8P

{ 55:00 } at z =0 (8Da) (60)

Summary
@ Trial, y, (solution) functions exactly satisfy all essential boundary conditions.
@ Weight, w, functions exactly satisfy the homogeneous essential boundary conditions.

© If both conditions are satisfied we can form a weak statement that requires only half the
highest derivative order. In fact, this enlarged space of functions is the same as the space
of the original balance law.
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Weak Statement (WS)

oD, e WM

Essential boundary I Natural boundary
=y =8 lf__'_‘_‘_‘—' D¢
y=1u x : - '

The weak statement_for the Euler Bernoulli problem and the BCs in the figure areE ﬁ&

Find y € ¥ = {u € C%( Nch that, (62a)

Ql\\q KfSH\y\;-

Yw € (62b)
o > (oo sw\g\
0= g [{l.ru' Eld;rg - mq] dx + {—%Mr +wV } (62c) <€\D QfN\
R, o st NS R
)

Summary

@ Both V and W have the same regularity (C™ (D)): m = M /2, M = 4 is the order of the differential equation.

@ The less demanding regularity conditions for the solution compared to the weighted residual statement
(CM(D) = C™(D)) takes us to the same function space needed for the balance law (balance of linear and angular |
momentum for Euler Bernoulli beam.
@ Both V and W exactly enforce the essential boundary conditions, with the difference that W satisfies the homogeneous |
version. |
v
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Discretization of squtlon

W Swu\m xﬁ\gwﬂx OJCL\*F J—————)—
N

Now, we need to ensure that the solution u, satisfies the essential BC. ﬂf[’\

We discretize the solution:
Going from infinite unknowns (continuum statement) to a finite number of unknowns
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Bar example, n = 4, Comparison of solutions
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