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Least Square Method

We want to obtain the discrete solution corresponding to the continuum least square method
(51):
FindueV = {v |ve CM(D, L.(u) = u} such that
I RZ(u)dv + fa‘D, 'R}'(u) ds =
f‘D(LM(u) - l')2 dv + fB‘D!(f - Lf(u))2 ds =0

By changing u to u® € V" and minimizing R? with respect to solution coefficients a instead of
continuum condition R? = 0, we have

\ W/ oy

)
Find u” € V" such that \A\Y QEPL) tK (154)
va" e V. R%*(u") < R%*(a") where .
R2(ah) = /DR?(ﬁh)dv +/BD! 'R"}(ﬁ'-)ds = /D(LM(ﬁh) —r)2dv+ /.avl(;- —Lf(ﬁ"))st

Noting that V" is an n-dimensional space (122) and u” = 71 a0+ dp (117a) the minimum
condition can be expressed as,

Find [a] € R™ such that (155) —~ /1; *ﬁp,,_.
Via] €R™:  R*([a]) < R*([a]) where C’b/p" (;lr)';?f‘.»
R([a]) = R%(qh) for uh = [¢]T[a] + &p L R
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@ The minimum condition for the solution [a](u” = [¢]"[a] + &;) in (155) can be
expressed as,

(4] imlimizar:=s OR? Bisa
al is minimizer s =

OLas(u™) h / AOLg(a™) - ~h _
/,,2__0(1. (Lae(u™) =) dv + av,( 2) = Jor (€ = Ly(i") ds =0

(156) \\Ary

@ Noting the linearity of Lys and Ly and [a](u” = [¢]T[a] + ¢,) we observe,

o
e OLy(uh)
A!(ll ) —axLx\!(¢|) +¢p = —(90_ = L)\[(d),‘) (1573) <€ g
i OL;(u*) *j} =\ ¢ 3
Ly(u®) = aiLs(¢i) + ¢p = e, = L1(#) (157b)

@ Equations (156) and (157) yield, v <? <\/\\—\/,D @O/\“\'\}/L\\
Ve € V" : /?LM((:».)(LM(:’j)—r) dv+/w,(—L/(d».))(?—l:!(ﬁ")) ds =0 { \7 <JD\/\ Q)) ‘/\\

(158)

@ In comparison to (126) for the general statement of weighted residual methods we Y \/7 (F \/ @\/
11

observe,

Yw e Wh . /w.‘R.(u")dv+/ wf.’Rf(uh)dszo
D aDy

@ Discrete Least Square problem for linear differential operators Ly and Ly is
equivalent to a discrete weighted residual statement with the weight functions:

& i

eight functions corresponding to Least Square Method

w=Lum(¢p) (159a)
wrd =(—T. .0 (150h)
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Bar example, n = 2, Comparison of solutions
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Bar example, n = 3, Comparison of solutions

Exact solution

@ The exact solution can be summarized as,

2 224241
u(z) =4 3
+3
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0<z2<1
1<2<2
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4, Comparison of solutions
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Convergence study

Bar example, Error Convergence
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Bar example, Error Convergence
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Bar example, Error Convergence
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Bar example, Error Convergence F{ﬁ\
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Why then we don't use spectral methods?

Bar example, n = 4

s [c [FD | e
FON 1 § ;l} [0 2 3 3 -8 4 0 O
K T S o/ 2 6 12 4 -8 4 0 MT e
o 1 i 0o 2 9 271 0 4 -8 4 (!
1 o3 b 1 -4 12 -32 0o 02 =2, s/
F! -3 -3 0 -1 -1 0 0 -1 [-6 0 0 —T—
1 2 12 1 _ L] U N  ME— e 11 15
a 12 2 12 —— e | il F A R e
LS /b// ) SpeeACed C, N
/ .
“WNE 4 8 16 4 -2 0 0 N
K \/ g 7232 S\B 4 32 24 26 Y B S
M 8 24 23 128 0 -2 4 -2 A
i 2 192 672 92728 16 236 12 2048 0 0 -2 2
T T 2D 81 241 1 1
FT '1 2 1710 2301 5 P 10 15 1z %’Q—'/ \<
a 2 -6 3 —wl 5 s B s 20 3 ¢ 3] \rarm
@ System Matrix K is nonsymmetric for Subdomain, Collocation and Finite Difference methods. M (o'\ﬂ\,e/\/s/ (A]Q&\L
@ System Matrix K is always symmetric for Least Square method. ?
@ For this self adjoint problem K is symmetric for Galerkin methods (w = [z*] and FE hat functions). S\Q\,q,w\
@ Finite Element trial functions are local leading to sparse structure of K matrix. \\r\\
@ Spectral trial functions are continuus and span the entire domain. The matrix K is dense. SU -« k v
@ Spectral methods have better convergence properties than FE methods, while their use is most often is limited to simple

geometries.
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Bar example, n = 4
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IE | C | FD |
01 3 3 [0 2 3 3 -8 4 0 0
K 0 1 1 E; 0 2 6 12 4 -8 4 0 %
0 1 15 RL] 0 2 9 27 0 4 -8 4 i
1 3w W 1 -4 —12 -32 0 0 2 -2 WW\
' 3 1
FJ.I 1 l._I 10 _?II..] _ OJ 05 _111 [_5 9 09 _1%] 13
a 2 12 2 ﬁj 3 "2 8 8 < [ 4 4 3 T]
LS G FE
(1 4 12 32 (2 4 8 16 4 -2 0 0
K 4 24 T2 192 4 & 24 236 -2 4 =2 0
12 72 240 672 8 24 % 128 0o -2 4 -2
32 192 672 2228 (16 236 128 2048 0o 0 -2 2
T i 250 BI 231 1 I
FT ! 2 1"'1O 2301 b g" = g ﬁl" 15 35 ?9 ? (:l ll"
a 2 -6 5 —oi 5 —5  —angl| | o5 3 0§ 3]
@ System Matrix K is nonsymmetric for Subdomain, Collocation and Finite Difference methods
@ System Matrix K is always symmetric for Least Square method.
@ For this self adjoint problem K is symmetric for Galerkin methods (w = [.r"] and FE hat functions).
@ Finite Element trial functions are local leading to sparse structure of K matrix.
@ Spectral trial functions are continuus and span the entire domain. The matrix K is dense.
o

)

Spectral methods have better convergence properties than FE methods, while their use is most often is limited to simple
geometries.
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bservations: FE versus spectral methods

Finite Element [

Spectral Methods |

| Feature [
Trial Functions Local / Finite Regularity Globally Smooth
Example hat functions p=|z 3]
Matrix K Sparse Full (diagonal for orthogonal ¢)
4 -2 o ° : s ;‘ =
Example [_n: : 2 _4= _u :] . 34 i 138
0 ) —2 2l W 16 2 128 e
order of accuracy of u” (p) fixed (e.g., p=1) /'vs. n(eg.,p=n)
Convergence q 2 o higher than linear
Example a=2 exponential
i i i
® 3 7
| 55 g
oy “l Sy
1og,,M log M
Geometry Very general geometries | simple (e.g., rectangular) in practice

to get diagonal K
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Diagonal matrix for spectral methods

The global nature of trial functions ¢ in spectral method results in full K matrices that
are expensive to solve.

To circumvent this problem we employ trial functions that make K diagonal.

In weak statement K;; := A(¢;,¢;) = f‘D L3 (i) Lm(dj) dv.

If the problem is self-adjoint A(.,.) is an inner product and we can construct an
orthogonal trial function basis ¢; for example using Gram Schmidt method.

Given the particular form of A (from L} and L,,,) and domain of integration D ([0 1], \

m

[=1 1], semi-infinite, infinite, etc.) we employ various trigonometric and orthogonal

polynomial spaces. Some examples are: (#\\ (X\ gﬁ
&y (x) = e** Fourier spectral method. K d =

°

@ ¢y (x) = Ti(z) Chebyshev spectral method.

@ op(x) = Li(z) or Pi(x) Legendre spectral method. )

@ di(x) = Li(z) Laguerre spectral method. —A

@ ¢ (x) = Hj(x) Hermite spectral method. ,
where Ty (z), Li(z)(Px(z)), Lx(z), and Hj(x) are the Chebyshev, Legendre, Laguerre, k = )
and Hermite polynomials of degree k, respectively.

The orthogonal property of these functions is for simple geometries. That is why spectral

methods are more popular for simple geometries where we can take advantage of their N
exponential convergence property while keeping computational costs low by using O kf:J
orthogonal trial functions. =
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