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Comparison of different WRMs
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Appendix: Function spaces
(optional)

213 /456
X optional
7k .
C* function spaces
@ We define the function spaces
CK(D) = {f| f and %/ exist and are continuus Y0 < i <k Ax € D} (274)
Ix'
(D) = continuus functions on D
CY(D) = functions with continuus derivative on D
C™(D) = infinitely differentiable function on D

@ These conditions are for all points in D. For example the hat function below function f is
continuus but f/(x) does not exist at a,b, and ¢. So, f is only in C"(R).

f(z) /\ L f@ & o 3
a b N\e ®

~

We define the corresponding bounded C' spaces as,
CE(D) = {fIf € C¥(D),¥x : |f(x)] < oo} (275)
@ Clearly, Cc*Y(D) c C*(D)
C¥(D) c C*(D)

@ For closed sets D (D = D) C¥(D) = C¥(D). For example Dy = (0,1) = {z| 0 < = < 1}
is open while Dy = [0,1] = {2| 0 < x < 1} is closed. Function f(z) = } is in C°°(Dy)
but not C°(Dy).
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Comparison of C* and Sobolev spaces

optional

Tix) 7(z) (=)
T - Her 1) W0
f(r.]/\ __ 4o 1 Z I
—1 :" 1 ! ——1 ! u :nlr-]
C7(R) CT(R) C*(R)
Yes Ne No
no derivatives at {—1,0,1} not a C
TR = L2(R) AR A2(R)

Yes Yes No
[ (@) dr =2 < [2,(J@)Pde=2 <0 2 (@) dr=2 <
oo (F(z))Pdr=2< o Co(f(m)fdr=2< o0
oo (@) dz =
Joo, (8(z 4 1)) dat
I, (26(x))* dat
ffam (6(x —1))2dz
Not Defined

@ So, the hat function f(r) is C"(R) (continuus) but not C(R).

@ f(x)is H'(R) but not H?(R).
H*YD) c Cf(D) (280)

@ Sobolev's theorem:
= feCJ(R)

@ As an example f € H'(R) 217/ 456

optional

Galerkin Weak Statement Function spaces

Q We first reduce the highest derivative order M = 2m in the strong
form (and weighted residual statement) to m in the weak statement.

@ Next, we observe that the functions should only be in H™ (D). We
observed that H™ (D) c C"™~}(D). In practice, the finite element
trial functions that are in C™~1(D) are also H™(D).

Conventional (continuus) finite element methods:

Strong Form order M = 2m

Trial functions are C™!
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Finite Element method using the weak statement

1D elements
Element types:
© 1D solid bar element.
@ Truss element.
Concepts:
@ Global (weighted residual) vs local (element level) perspectives.
@ Stiffness matrix.

© Forces: 1.Source term; 2.Natural BC; 3.Essential BC, 4.Nodal.

© Nodes, elements, shape function, dof.

@ Nodes with more than one dof (truss).

@ Element local coordinate system & (bar).

@ Rotation of element local coordinate system (truss).

Q Full stiffness K (free 4 prescribed dofs) vs (free only dofs) Ky;.

@ High order differential equations (e.g., ("' beam elements).

@ Multiphysics coupling (beams: axial, bending, & torsional
coupling).
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ral stiffne force vector equations for different self-adjoint PDEs:
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Now, we want to derive the stiffness matrix and force vectors T
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Weak statement for finite element formulation

@ Let the weak statement for a self-adjoint problem be of the form (why the problem is
self-adjoint? Change u and w on the LHS):

/ L (W) D () = / S +/ wF.Nds (336)
D D Dy
for example for solid bar we have:
L d L _
—wEA—u dr = / wgdz + (w.F)ap
0 dz dx 0 f

where D=[0L], D=FA, L,, = ;Id; and 9Dy is either {0} or {L} (since at least one of
these points should be essential BC to prevent rigid body motion for statics, not both
points can be in 9Dy simultaneously).

@ Recalling our general definitions from (288):

A(w,u) = /;L",(W)DLm(u) dv bilinear form (337a)

(w,r), := /Dw.r dv linear force from source terms (337b)

(w, F)N = ./a‘D, wF.N ds linear force from natural BC (337¢)
286 / 456

@ The weak statement can be rewritten as,
A(w,u)=(w,r), + (W‘F)N (338)

@ Let us discretize this problem to na.s number of dofs, from which ny are free
(unknown) and ny, are prescribed (known). The corresponding shape vectors are:

N =[Ny,...,N,] (339a)
N =[N, ..., Ny,] (339b)
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