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So, Fris calculated as follows:

Bar Example: Step 2.1: Source term force

A
1 [No N \ \
N ol ]
NEIVA =
[N a0 . 2=A p A ea D=2 p -9
&= €1 17762 DNF1€C3 =4 €4 \ [T =2
no n no e

=10 s el ) (?3.:'—5—304 J‘—'.Z_
From (312a), ng n no T

N, fi Ni(z)q(z) dz Jey N1(=)q(z) dz + [, Ni(x)q(z) d=
['& Na(z)q(x) dz ftQ Na(z)q(z) d= :|
[ N q(z) dz 0
&+ dzx 0

122 ((2).(1)-(1) + (2).(0).(0) + (1).(0) + (0).(1))
== ((2).(0).(1) + (2).(1).(0) + (0).(0) + (1).(1))

(317)
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Bar Example: FEM Solution

@ From (311) we have
F=F,+X~n+F.-Fp
@ Obtaining the individual values from (3™, (318), (319), and (320) we obtain,

1 —9 it
i 0 1
F=F,+Fy+F,-Fp= |12 - = |
0 0 7
] 0 | &

in,

1 -2 0 0 %
4 -2 0
K=| T F= 1? = (321)
2 |
250/ 456

@ The FEM solution is, )
uh = aydy + dp = a;N; + dp

@ ¢y is given by (309),

P
¢p = Z TGNy =@No=aNp=1N; =

53 65
u® = @iNog + {ar N1 + aaNa +asNa + as \.}—1\..+— \'1+Z N2 + .\'\+ IJ.\'.
(322

@ What is u"fg)?

uh{%) = u"[ru] = itNo(n1) + a1.Ni(n1) + az.Na(n1) 4 as. Na(ni) + as.Niy(ng)

. - 43
= ii.b; +a1.611 +az.821 +aada +ag.dy = +ay = 7

260 / 456

MES17 Page 5



Bar Example: solution values

@ u" and u match at all nodes ng, ny,na.

., and 1. This holds for 1D solid elements with
uniform AL and does not_hold in general.

2062 /456
Bar Example: error in solution values
0.01;
[ 9 (z)=2-2z B
CT r / | I
\ =0 = B3 5 gy —r=1
i I I\'. D1y n?r T T | T
-0.01 \ \ - o
i\ \/
-0.02} | -
| l'u ,JI |
g: \ f |
-0.03+ ',I | 1
[\ f |
004\ / .
oy —
P\ o nl
. AT=T-T"
00% 05 1 1.5 2
N
@ As mentioned before, the solution error at all nodes ng.ny,n2, 11, and 1y is zero. This
does not hold in general for FEM method.
263/ 456
@ The Exact solution u and its derivative %% are
2 224241 0<z<} @?-2242 0<z<}
. 2,7 9 1 2 _ T le 1
u= F-z +ir+y zsz<l d_u_ g 2r+3 2—1-(3 (324)
1r+ 32 3<z<2 + 3<z<2
261 / 456

Bar Example: solution derivatives (o< axial force)
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@ The errors in solution derivative is larger than those in the solution itself. In general, the
accuracy of FE solution decreases for solution derivatives (e.g., strains, stresses, etc.)
du

@ Approximate solution u” exhibits jumps in “i> at all interior nodes. This is because the M J' \/V\Q/ C\)Q/ *0\ L/(, (6N
|

solution is piece-wise constant in H'([0 2]).

@ Even the exact solution exhibits jumps in ll',- at n; and from the concentrated forces.

@ The H'([0 2]), rather than C*([0 2]), is the right solution space for u and u" as none of

them belong to the latter space. ot M O\)\»J'(/ A{
0 On
I Clv/ b g 7 85T

7l ?
C TR et

Summary:
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Summary: Force vectors

® Force vector is:given: by: . :F,;wmiul boundary 9D,
F
I F=F,+Fy+F,-Fp I (311) Natural boundary
I L aDy
@ F, Fy, F, and Fp are given by (cf. (301) and (310))
N,
L
Fr= (NT.q) =/ NTgdv =/ : | gdz (312a)
v D 0 S
ng
N
Fy = (NT,F) =/ NTFNds= || : | F (312b)
N aD, :
Nn' s A
Fp=A(NT,4 )=/ 4 NTEad 4, av (312¢)
.4 p dx dx ?
Tl e a;
={/ BTEAEdv}az / : |EA[B; -+ Bgldrp| : [ =Kya
D 0 4 =
ng rip
Fnl
Fpn= : (312d)
Fﬂ'l’
248/ 456

Force Essential Boundary Condition

@ We have used (309) in (312c) to write,

le =A(NT.¢;) =K (313)
@ The prescribed to free stiffness matrix Ky, is an ng x np matrix given by,
i By
Kyp =[ BTEAB dv = / EA[By --- Bg) dx (314)
D 0 2
g

@ From (306) we had,
By

. . L | Ba g
K=A(4".8) /B'Iz‘Ade:/ | EAB, B, - Bu]ds
D o .

B,

where K was an g x ny, matrix.
@ “Prescribed” dofs i do not go into K because their value @; are already known.
@ This is opposite todofs [ = 1,..., ng which correspond to “free” dofs.

249/ 456
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What we did can be referred to as the "global" or "node- centered" approach:

Bar Example: Overview

1
r=0_." e, .r:i les

9Dy ny\ no ng \ N4 9D; T
Fy = 1 f 1
@ We discretize the domain shown D = [0 2| to four elements ¢, €2, €3, €4
@ The problem has five nodes rig,ny, g, g,y at 2 =0, ; 1,4 and 2 respectively.
@ Nodes {ny,n2,n3,1.} are free = ng = 4.
@ Node 1y is prescribed (on D) with the value a; =i =1 = n, = 1

@ The material and section properties are chosen: £ =1, A=1
Finite element shape functions:

251/ 456

%M/ ?&}o\\wﬁ @a\\\ \\,\,@ <6\G\ODS\ ak)a‘p{m()\

Slide 254:

Bar Example: Step 1: Stiffness matrix

2 A Bl “3 “; =,
S el e e i
S| err=leps—1egr=3e4 z=2,
¥ =10 n no n3 T
s i
I;n Bl Bg /f
B, I3 BB, dx jsu B, dx 2B,B, ax ;% . dx
B, £ > I; ByB; d= 2 B, B, 4 . dz
x-/" ; EA(B, B, B B d= = p— o 2.8 ey ﬁn B a:‘
. j dz
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It's much easier that each element does all the integrals (and calculations) that are pertained to it.
Finite Element Method: Global versus Local approach

° Global approach: This approach is shape function-centered and we directly compute each component of the stiffness

matrix and force vector by integration of shape functions (or their derivatives) over the entire domain D. The integrals
are carried out and summed over all the elements in D.

N(x)

”l ng ng x

-/ ”2 EA[By By Bz Bydx
B

e Local approach is element centered: As we eventually the form of the shape functions change element to element, it is

more convenient to first divide the integration domain, calculate element level matrices and vectors, and add them
together:

T n na ny ny
For example in the figure,

2
K =/ BTEABdz = K1 + K2 4 K2 4+ K4  where (326)
0

K*1 =[ BTEABdz K =/ BTEABdr K2 =/ BTEABdx K =/ BTEABdz
U e e3 c

(% 3, T e,
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N —
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Local approach (element-centered)

B B3y By By ——
£ > —~ —
= 6’1::;',()_,-21(:,1.—.-:: r=2
* =080 [ ny ns Ty 1 1 _Q,
1] R > X

By By B, By N \5 o g <
2 HL

. R\
k c }; [3 % B )N ‘J % @OQO]JX‘ J Z;Ei

2
S| ejr=3€rs-—1€3x=3C7 x=2
#=0%0 1 70 3 1w
I Y .

Y ' FQ D AV

ME517 Page 10






