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From last time:

Stiffness matrix: Local coordinate system Flo N\

@ Finally, we plug (371) and (372) into (366) to obtain, 8/ J/\/K
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@ If A and E are constant along Mham YUJ\ %\g\ v \¢BV é < Q/&/
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Please read:

Stiffness matrix: Direct method

Py

-~

= A(x)

undeformed

P

0 =

@ The engineering concepts (c)>f finite element method were first based on directly obtaining
relations between deformations and forces without restoring to shape functions (e.g.,
assumed linear displacement field we used before).

@ First, we observe that for static equilibrium Fy = —F,. We denote P := Fj.

@ Second, we mechanics equations to obtain up assuming that the displacement is equal to
uy at the left end (z = 0). Let F(x) be the axial force at x:

F(z) =P
_ F(2)
=) =4
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Axial force

Stress

Strain

Displacement

Displacement jump

(375a)

(375b)
(375¢)
(375d)

(375¢)
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Stiffness matrix: Direct method

F,=-P A(z) F,=P
undeformed o
P 1 P
- —_—
| *deformed
| u2 |
0 1z :
@ Thus, noting that F2 = —F; = P we have,
k==_r__;___[j 11 (376)
Iy rmam 9=
@ If A and E are constant along the bar, we have:
k¢ = ‘2—5 [_11 —11] (constant A and E) (377)

@ We observe that (374) and (377) coincide. Why is that?

@ Do (373) and (376) match in general? If not, why? Which one is approximate and which
one is exact?

308 / 456
Summary of local (element-centered) approach
- Kand F are formed at the element level
- Using M (dofMap) they are assembled to the global K and F
@ Local stiffness matrix, k®, is given by (cf. (346b) and (340)):
k¢ = /B”DBc dv, where B® = L,,(N®) (362)
@ Local force vector, f7, is the assembly of all element level forces:
2 =12+ 15 ~ 15 (363a)
ﬁ:/N“;m (363b)
(363c)
(363d)
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New topic:
Trusses:

- Having a separate coordinate system for the element and the global domain.
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Trusses

By all elements having X and Y displacements and forces, they
can communicate and we can assemble the global Kand F
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(386)
@ Noting that fo corresponds to tensile axial force in the bar, which we denote by 7" we have,

AE
T = =~ {c(Us — U1) + 5(Ua — U2)} (387)
315 / 456
: AE = D
K=TTkT s K=22 ]|k K5 1. witiereliy = [ | that is
L -k; ks cs 8
1‘2 -—C* -8
0 s Ly =
K—- Lh cSs ‘ f).s 8 (390)
L |- - c* cs
- - cSs S"Z
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Truss element /two different coordinate systems
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@ As before T := Ty = Tgr and in this case is given by,

_ler s 0 0
T = [0 0 o s-)_] (393)

12

@ Accordingly, from K = TTkT we obtain,

:."f‘ c181 —c162 —cC182
AE | e1s s2 —cos8 — 81 8¢
K= 181 1 281 152 (304)
L —c1c9 —C28q r‘g 02:':2
—Cc183 —8182 €289 sﬁ

@ Finally the axial tensile force in the bar, which is the second line of kT ;;; = kT is
(compare to one global coordinate in (387)):

(395)

‘ T = AE/L (—c1Uy — s1Us + coUs + spUy) |
319 / 456
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Assemble the element force to global force

Truss examplg:x . ,/)\ ~ | T\m\
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Assemble the element force to global force g‘)%
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Truss Example

Uy

Uy =0
Uy = 0.5
w|€1 0=90°

€ e=0
] s=]
-

uz

L.T_,' - E"U, -0

@ Table below summarizes parameters

f# = tan '(‘:'
c=08
s = 0.6

for each element:

e Le 6 c s M;

e1 2.8 90p 0 1 1 3 2 3

€2 3 tan~1(3) [ 08 [ 06 1 & %9

es | 1.6V2 —45° \if _L,; P 83 1 3

@ Local stiffness matrices are given by (390): )

(,'2 cS —62 —CS
AE ky -k 2 es AE | ¢s s2 —cs —s?

PR i = C ke =
et L [ -k, | ky |’ ks cs 82| k L |-c? —es 2 cs
_—CS —82 CcS 82

@ As mentioned for trusses generally f¢ = 0 (no body force), similar to bars we lump natural
BC into nodal forces, and finally f}, = k“a®
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Truss example: Assembly of global system

@ Numbers encircled in the ¢
before, in reality we do not ¢
those values.
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those values.
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