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Beam Example: Calculation of y, 6, M,V within element

@ After the solution of global free dofs, they are transferred to elements.
@ Once element dofs are know, we have the Displacement in the entire elements:

y(§) = Ni(§)a] + N3 (§)a3 + N3 (§)a3 + Ni(§)aj.
element shape functions are given in (421).
Le

@ Rotation: Obtained by differentiating previous equation w.r.t. = & noting that ?1% =G

d
_dgen g6 9 paNg.. . dANg. . ANEo. o AN o
o) = 3.6 = ?ﬁ-(f) =1s { € (§)af + T (€)as + & (€)as + 3 (5)04}

@ Moment is directly obtained by differentiating the above equation:

d?;
M(§) = E(s)l(z)dT;’(z) = E(§)I(§)B*(¢)
= B(&)I(§) {B5(§)a§ + B5(€)as + B5(€)a + Bj(€)ai} cf (424) for B*

@ Shear force is obtained by differentiating M w.r.t. z. It's a similar process to deriving ¢
from y with the difference that if E'] are not constant we need to take it into account.
For constant ET we have:

dM

; dM e (&) 2EI (dBj§ dBj dBj dBj§
VE)=—=&)= = —2 (§)af + —=(§)as + —=(§)aj + —(§)ad
dzx d) Lo L 1 g WSS e WA T qes\edte
@ To obtain these fields for the entire beam we evaluate these equations for all elements.
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FEM formulation of beam elements: Stiffness matrix

/Cﬁm (424) and (425) we have,

3

e L [T |13 6 6 .

k —2Le/_1 _& E(€)I(§)[r§ -1+3¢ -3% 1+3{]d£ (426)
1+ 3¢

@ If E and I are constant, we can take those out of the equation and have:

12 6L° -12 6L°
e El 4L€2 _—@BLe 22
K% = 7 12 —6Le for constant F and‘I (427)
sym. 4L.¢2
52 / 456
-
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Beam eIement:i:/Forces: A. Source term forces

v
AN Ng

then the source term force is: |

1 Le_'
P% € Te_ —_— =r® a1
fe f_lN ©T.a(§) 5 de=r [ ] where

92

E_Le 1 . T wre _Le 1
=2 [ N -NL(E)dagfl[

Le
3
_

3
0

30

12-3¢+8%
F-g-g+6) NS
72 +3-¢€% 7
(-1-£+€2 +¢3)| WL

3
%e lzie

Ei exact for linear q
Le __OL

2

1
f 1 ‘gﬂl where r® = L° | 20
R\ 1

q1 and go are shown in the right figure. For constaht q(z) = q, q1 = q2 = G, from (433) we get:

constant g(z) = g

(434)

360 / 456
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Beam elements: Concentrated load

,/&X

@ Since, for a concentrated
vertical load V' applied at xo the
corresponding q is Vé(z — zp)
the global force F;; is:

YT s
L
F,-,v:/o Ni(z2){Vé(z — x0)} d= b i ‘l ™ %
Lo Aad

Fri=V Ni(z0) (43%)  °
@ If zq is inside an element (for

example in figures (b) and (c))

the concentrated force can be

added to f£:

S
e _ eT . 5 0
fe = 4 N gdzr=V N3 (o) (437)
N§(éo)

@ &p is the local coordinate corresponding to xq.

@ Off course, if in addition to V' at zq, there is the distributed load ¢ applied on the beam,
we add its contribution from the the one of variants on pages 358 to .

366/ 456
Beam elements: Concentrated load
@ Thus, as expected, from (438)
we observe that the global force v Nia) Npie) Nt
of moment is rotation of shape i X
function at xg. 8 Nyt
@ Equations (438) and (436) can a J'.wi(: — :, =<
be summarized as (figure (b)): e '\\1\-// s il /T3
b D I'! T2 r3
F,; = VNy(zo) vertical force V zo ¢ o To . . S
L1 ™a T2 T3
(439a) To .
Ny
Fri = Miﬁ(zo) momentM xo P an-
P n
(4300) ¢ = 5

@ Clearly, we superpose forces from all concentrated forces.
@ For example, in figure (b) F,.; = VN,(z9) + M%i-(zoy
@ If V and/or M are exerted within an element, e.g., figure (b), their contributions to

element source term force is (cf. (437)):

N (€0) i:‘;—f"(fo)
e(va ) = v | V2 (o) e ) = (€0)
fE(V@xp) =V NE(EO) fE(M@xg) = M %z(&:) (440)
Nj(&o)

_ciJ' (€o) 368 / 456
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