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Complex functions are also used to seek biharmonic solutions

Stress function approach

e Any biharmonic solution can be expressed by
Kolonov-Muskhelishvili complex potentials, ¢, x:

Z)b&{/_«O — \lI/(.l'l..I'g) = Re [Z¢ + X]
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We will derive mode | and Il solutions using this approach today.

b/ = RQ,(%:FY%>

e Stresses are obtained differentiation,

e Displacements are obtained by integration of strains:

l u; = Re {h‘(}) —Z¢ = \']

PR I
up =Im [ko + 20’ + X']

3 —4v plane strain
k=349 ig_
‘I‘T‘ plane stress
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3 Modes of fracture
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Mode I: Mode 1I: Mode III:

Opening In-plane shea Out-of-plane shear
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Mode III:
Out-of-plane shear Ojﬂ:g% ; 47_? 40

Getting the solution for Modes | and II: Mid-crack problem \_&\

H\M/H;H? =

ME524 Page 3



oo \’% by(xe]
’ r(x,
/

PEPACN } _)k Y
é
7 LN
o n %
by = L QQQ% Cf/ T %\ %
1 2 . G

on m\ip\m\k

/1 4 /\ ~ v )
2+« X <0 . 1 W . —=2¢ wheg e, Ay

~ o~/ |
@ W = —%CP ~(—9,<1)\ 9 gb = ® (~ @/{I:O\r\)f/_cljm\kk
R Y L &Awi] oo (D) s overanats fhol an % aw]
e,
&y < Exy( £30) <O> f\w ey
W/ﬁ%@q”*%) - Re(zg — 29 (2B
. Re Q (54 ) — (xelylp *1%) Ro. ( Q‘CJ b J(?&

\ y/ ‘Z[y grﬁgb Jr/Qf&(P &O 7 sl

Yn gy o SM ool Re & y}x
M2«
m\mk\v« ~
- ﬁ?) &%

(& N CQV‘/\P\QK ‘Qdf\o\\.

U&Q - W, BJWZ QQZ

( ~ A - loZz W Tm <

2|



( ¢ — T -
/
— é(\=%z QQZ ~.(\¥IVV)Z/
g?,z ‘(,g/;\/\ C&Z.TO‘)L I"‘"z
_/
doe - Y - g7

I

U

Now, all is left is just to find a suitable function Z that satisfies all boundary conditions.

Let's focus on the crack surface (}d T-O)
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(Z,y) = 00 : Ogg = Oyy = 0, Tgy =0 —
|$|<aay:0:0yy:7_my:0 h[z(z)z—z2_a2]
boundary conditions

0zz = ReZ — ylmZ'’

Toy = —yReZ’

y=0, |z|] <a
Z(z) =

ox

V12 — g2

is imaginary

0'(12

Z'(z) = - (22 — a2)3/2 —+0

This is a global solution, valid at every point, but unfortunately
only applies to this particular problem

Now, let's look at the neighborhood of the crack tip
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Approximate equation fo%ress around the crack tip / (/
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