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4.3 Mixed mode fracture

4.3.1 Crack propagation criteria
a) Maximum Circumferential Tensile Stress
b) Maximum Energy Release Rate
¢) Minimum Strain Energy Density

4.3.2 Crack Nucleation criteria

For bulk els we don't need to answer crack propagation direction directly

.

Bulk models do not need a propagation direction
criterion (and to some extent nucleation)

Credit: Giang Huynh

Sharp crack models need such criteria: ]_EF N\ )
Maximum circumferential stress Ly
criterion
Erdogan and Sih
maximum circumferential stress criterion
(maximum hoop stress criterion):
crack propagates in the direction
5 o, \ perpendicular to the
Kﬁ 4, T T o, maximum circumferential stress
], <. (evaluated on acircle of a small diameter
W&“-’ centered at the tip)
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(evaluated on a circle of a small diameter
centered at the tip)

the direction of propagation 2] 6 \(WE O‘/ﬂ
O,l\r. = max O,l\r
is given by the angle @), for which ~ * (r.6.) —x<o<x © (r.6) S\EES

-

Maximum circumferential stress
criterion

(from M. Jirasek)  principal stress

maximum circumterential stress T AN \% _@

é
Y =
or = - (g‘mg—lcosg 4+ X ‘ismg"'gsmg) \7<t
" V2rr \4 2 4 2 Varr \ 472 4 2
(7.35a)
a0 Iry
oy = Ki (Ecose+1cos3—6’)+ﬁ(—zsing—gsinE
T Ve \4 274 " 2) Bz \ 472 47 2
-]
(7.35b)
T _ K] (181ng+lsm3_9)+£(1m9+§cos§)
T Vamr \4 274 2) o \4 274 2

(7.35¢)

0 30
TT.9=O —_ K;(sin§+sin?)+K;;(cosg+3cos§)=0
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Maximum allowable traction oy,,,, is reached at
angle # = #max and distance from crack tip ro:

- . o [,. 0ol 3. .
00""“'\/27”6: K. = cos T K cos® T 31\” sin A

338

Maximum circumferential stress
criterion

Fracture criterion K., > Kp,
K 90( . 290> K11 ( 3.6 3. 300)
0g=—=c08— [1—sin“— | + —-s8in — — —-sin — 7.9
07 fomr 2 2] ar\ 479 & '3 L
must reach a critical value which is obtained by rearranging the previous equation
ObmazV 2mr = Kjc = cos o K cos o §Ku sin 6y (7.10)
which can be normalized as
<k
Find theta~for crack propagation:
K1 36 3Kn o .
.......................................... 711
7 2 2K, cos 5 sml?@: 1 (7.11)

11 This equation can be used to define an equivalent stress intensity factor K, for mixed mode

problems
30
Keq :@083 50 - gKII cos 02—0 sin 6 (7.12)
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1
e 2arctan (K}/KU == 4/ (K[/K[I)z +8)

Step 2: Calculate equivalent K (Keq) and see if it's larger than Klc:

2k o g

0 3 6
— 370 _ 9 20 &
K., = Ky cos 5 2Knoos 2 sin 6y

" Experiment
?‘—O\w E = 30x10°
e e 0 0
oL . AL /
2 10 10 I o O
XFEM

gc = 2a.rctan% (KI/KII + \/(KI/KII)z +8)

4.3 Mixed mode fracture

4.3.1 Crack propagation criteria g K
a) Maximum Circumferential Tensile Stress (9;703 -3 ) ’&7//K
b) Maximum Energy Release Rate G z t
! alo)=-

;o R

ME524 Page 4



N

Gl6)=- —

{
\dt#’(}) {f@ Q/:@ Z
K 5/ 0.0

\

/\&(A L\s‘c \v\\)\f—» tPoﬁS\\Q\Q E

Maximum Energy Release Rate (MERR)
G: crack driving force -> crack will grow in the

direction that G is maximum

Erdogan, F. and Sih, G.C. 1963

“If we accept Griffith (energy) theory as the valid criteria which explains crack
growth, then the crack will grow in the direction along which the elastic energy
release per unit crack extension will be maximum and the crack will start to grow
when this energy reaches a critical value (or G = G(4, #)). Evaluation of G(4, 6)
poses insurmountable mathematical difficulties.”

Maximum Energy Release Rate

— N NI A

Stress intensity factors for kinked crack extension:
Hussain, Pu and Underwood (Hussain et al. 1974)

(; cos@ + 2K sin

Kjcosf + 3K ysinf

Krrcosf — LK;sing
2

’?}f(?}, :( 4 ) 1—

H|ofEle

3+cos?0) \ 1+

8

ENEETES

)

| \ 1 2 /1 _
G(o) = 5(34—('0539) (]+

[(1+3 cos’ 0)K7 + 8sinfcos 0K K1 + (9 — 5 cos” 9)1{}3.;]
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Maximization condition 9G(6) =a
o0 )
el o B __% K, (8), K, 8)
o2~ T -
, 1 1 \2(1-2\F
@ G(O) = E (3 + (‘()sjﬂ) (T%) -

[(1+3 cos? 0)1\—; + 8sinflcos 0K Ky + (9 — 5 cos® ())l\'f,]
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Strain Energy Density (SED)

criterion Sth 1973
U; = /0 ; oi;dei;  U; = i [ﬂ —4|_ 1(02 +07) — 2(050y — T:?:y)]

Oy = K cosg (l—sin E sin ﬁ) — Ku sing (2+cos E cos ﬁ)
e V2rr 2 2 2

Oy = K cosg(1+smgsin3—9)+ﬁsingcos€cos% (7.13)
Y 2nr 2 2 2 V2rr 2 2 2 ’
Ki co 2 sin E cos ﬁ - Ku coS ﬁ 1 —sin 4 sin Eﬁ
Tey = S S5 8 T e €053 2 )




Strain Energy Density (SED)
criterion

e Crack direction fy which minimizes the strain energy density S
e Crack Extends when S reaches a critical value at a distance 7

oS

Minimization condition w = 0
—025 0
Pure mode | (O degree has smallest S) 62 N
] // -
— N[ [ /A
[______ _—! \ ‘I..T]_J dilatio
\\ yielding
/-[/./ distortion

Find theta that minimizes S (I have not provided the formula for this)
Then, check if the crack actually propagates:

Strain Energy Density (SED)
g (ool criterion

/ \//
8y K 2 KiKy K 2
A gl |1
(r—1) [”“ () * “'-’( KZ )*"“’"’(M) JE_

\c
N AC
(14 cosf)(k— (‘os_ﬂ)] s {0?0%6@\,7\7

= = 164 [
¢ pit [2cos0 — (k —1)]
11y = 2cosf — (k —
12 Gy
1
ap = T [(k+1)(1 —cos@)+ (1+cosf)(3cos —1)]
1
K= E;Z (plane stress)
k= 3 —4v (plane strain)
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We can refer to graphs to decide:

1) In what direction does the crack grow?
2) What is the direction of crack growth?
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Zoom view (low K;, component)

~ 70 degree angle for mode Il !

Good agreement for low K|,

Comparison
b) Locus of crack propagat

Does the crack grow?
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Does the crack grow? CO m pa riso n :
'b) Locus of crack propagation

| __—» Least conservative

S o s B J VN
Most conservative <«— 75—+ 1 T MO |

0.4 i

|
0.2 -
/ .
. t |
s
00
uo'ﬂr’ 4 06 Qoa"
KK,

02

. | e
EJ\MMQ\Q/V kji \{No\dége ?x} \é}t :%9\ /AﬁT

T A 2 e
e 2 Ntk
—) & i C_,\—_.\ < 'gqq
beo 59° 33

— < Z - \< o ,_?
foe 4 S = o B P G f;(,i 29)
ol % i 7

L kSo o 3
K .33b 7 > T

/é«) z ( eo COVA[\Q/‘)FDV\XO

| ~



o ede

CA\P

Il W Wl T I Nl Nl

UL

CATGE @gb} (= 231

“w Wl N wndwd Wi I SNl TN

I wivwAl

e Effective traction can be defined as a function of both normal o, and tangential

7rfl components of traction. For example:

Ooff = \’,v/ﬂ;"? + ((lTr(o).')

combines normal and tangential components through mode mixity parameter o.

e Crack propagation direction 6. can be based on maximizing effective traction:

Oefi (7, 0:) = MaAX_zcpcnOefi(r.0)

e For example, in soil and rock applications normal tractions can be compressive for

cracks that propagate under high shear tractions.

0-9
T, 9
/r\’}\/re//
5 o-r/ =
S
. X ré ‘0-6
A
4] —mmmmmmet e mmm s s e e oo >

Modifications to maximum circumferentia
stress criterion: MC criterion

Shear stress t(8)
'y

—

- i
\..?ngfe &

LEEM

—_ Normal stress o(8)

>

a(8)

L

Checking failure along plane wi

Oeff = T(B) +k (9)%(9)
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angle-dependent strength
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anisotropy in a metamorphic slate.

( M. Ismael et, al. 2017) (hutps://en.wikibooks.org/wiki/Historical_Geology/Sedi y_rocks) )\m
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Sandstone, The Wave, Arizona %\
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1
Resolved normal and shear stresses, a(#), 7(6° “ C(é) fc;r a-= éoa :;md VAZ ; ;0.3 Shear stress (8)
Mo, g
k(6) e
g ===
¥ <(®) Normal stress a(6))
2 | S | B " isobbbns
o(8)
2] o8 Cmin= 1+ A, cos2 (0 — a)
>

f

Definitions of loading direction, failure
plane, normal and shear stresses

Lower ultimate macroscopic stress &
widespread, well-connected fractures when
weakest plane is closer to isotropic failure plane

Sandstone. The Wave, Arizona

anisotropy in o metamorphic slate
(Mt wikibooks o wiki Hisorical Gebogy Sedimersary_rocks)

M, Bamael ot al. 2047)

In the absence of a major crack we need to have a nucleation
criterion too
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Crack nucleation criterion

e Cracks nucleate from microscopic material defects under high stress/ strain loads.

e For each crack propagation criterion there can be a corresponding nucleation criterion.

e For example for maximum circumferential tensile stress, a crack nucleates when the maximum
principle stress g1 at a point reaches material strength oq:

max_; . g00(r — 0%,0) crack nucleates

Although we assume that there is no initial crack tip, we can measure r relative to the potential
nucleation point.

e Same concept applies to modified maximum circumferential tensile stress criteria:

max_gex0ei(r — 01,0) = 09, crack nucleates

Crack nucleation criterion

e For Maximum Energy Release Rate Criterion if we assume there are no defects, there will be

358

no crack nucleation. However, assuming that local stress field generates a tensile maximum
principal stress of o1 a “microscopic” initial crack (defect) of length ai,; perpendicular to oy
direction generates,

-3 -~
 Kj+Kj
==

so the microcrack propagates (i.e., a “macroscopic” crack nucleates) when,

" 2
G = WainiO7
G=G.

— Initial crack direction perpendicular to 1 is chosen to maximize G.

We have assumed the initial crack to be small enough to use the infinite domain SIF formula

of K; = \/ﬁﬁ‘,
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